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REsuMoO

O objetivo principal desse trabalho é investigar a estrutura das algebras de Clifford e
desenvolver a sua classificagdo. Apresentamos um estudo detalhado das dlgebras de
Clifford, sua defini¢do e construgdo explicita como quociente da dlgebra tensorial,
suas propriedades gerais, os principais teoremas de sua estrutura e a construgdo
da classificacao dessas algebras baseada na sua periodicidade por meio da teoria de

representacao.

Palavras Chaves: algebra, dlgebras de Clifford, classificacao



ABSTRACT

The main goal of this work is to investigate the structure of Clifford algebras and
develop its classification. We present a detailed study of the Clifford algebras, the
definition and its explicit construction as quotient of tensor algebra, the general
properties, the main theorems on its structure and the construction of the classifi-

cation of those algebras based on their periodicity through representation theory.

Keywords: algebra, Clifford algebras, classification



INTRODUCTION

In the beginning of the 20th century there was a great interest in developing a
theory that describes the electron. Due to the electron’s nature, this theory must

have a quantum and a relativistic approach. The Schrédinger equation

2

i%f:%%#¢+w¢, (0.1)
describes all atomic phenomena except those involving magnetism and relativity.
Due to the distinct orders of time and space derivatives on that equation the Schrédinger
equation is not suitable to deal with relativistic phenomena. The different orders of
derivatives do not make the equation invariant under space-time transformations
and this contradicts the principle that the laws of physics must be the same for all
inertial observers. Therefore, since the Schrodinger equation is incompatible with
the theory of relativity another path was to start from the relativistic energy equa-

tion,

E? =p?c? + m?c? (0.2)

By the correspondence principle, inserting energy and momentum operators

0
E=ih—, =—1hV, 0.3
i 5 p iRV (0.3)

into that equation, results in the Klein-Gordon equation

19 2 2
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P = m?c?yp. (0.4)

The Klein-Gordon equation solves the asymmetry problem in the derivatives, how-
ever, only for spinless particles. Also, this equation has a second derivative problem
that can give rise to what would be a probability density that is not always posi-
tive. Therefore, what the physicist Paul Dirac did was linearise the Klein-Gordon

equation, or replaced it with a first-order equation,

. 10 Jd J J
ih Yoz ot e +2 7% +¥3 s Y =mcy, (0.5)



this way the derivative in time would become linear, therefore time and space are
treated on an equal footing which solves the problem that the Klein-Gordon equa-
tion was facing. In addition, Dirac brought very important interpretations such as
the existence of antiparticles as an explanation for the existence of negative energies
that the Klein-Gordon equation presents. Hence, Dirac’s theory takes into account
the invariance under space-time isometries and also takes into account spins’ in-
teraction, in particular, the Dirac equation considers relativistic effects as well as
spin—% particles achieving the main goal of establishing a theory that describes the
electron [1]. However, the development of this theory was only possible because

Dirac introduced a set of interesting 4 x 4 complex matrices Vi W= 0,1,2,3:

1 0 0 O 00 0 -1
o1 0 00 -1
oo -1 o ”"Tlo1 ’
00 0 -1 10
(0.6)
0 0 0 1 0 -1 0
oo -io oo 0 1
7o =i 0o of 7|1 0 0 of
i1 0 0 O 0 -1 0 O
satisfying a very specific relation, that is:
2 2_.2_.2
:I, = = :—I,
Yo Yi=V2=7s3 (0.7)
VuVv==vvyu for pzv.
or in terms of the metric 7, of the Minkowski space-time R'>
ViVv + Vv Vu =21l (0.8)

This seemingly innocent condition is in fact quite deep. It first appeared 1878, in
an attempt to unify the structures introduced by Grassmann and Hamilton, namely,
the exterior algebra and the quaternions respectively. William Kingdom Clifford in
his work “Applications Of Grassmann’s extensive algebra”, introduced the analogue of
the quaternion product on the multivector structure of exterior algebra in which he
established a new algebraic structure called Geometric Algebra or Clifford algebra.
In contrast to the quaternion algebra or the Gibbs algebra, this new structure is not
limited to be defined on a particular space, but in any quadratic space, dimensions

and signatures, which makes Clifford algebras rich in structure and its applications.
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Our purpose in this work is the detailed study of Clifford algebras in general,
that is, in any dimension and signature, presenting their formal definition, the prop-
erties of its structure and their classification.

The first Chapter provides an introduction to the theory of Clifford algebras:
the definition, the explicit construction as a quotient of the tensor algebra by a two-
sided ideal, we will show that in any quadratic space is possible to define a Clifford
algebra and we will present some examples. The second Chapter provides a detailed
exposition of the Clifford algebra structure. We will present some operations that
can be defined on those algebras, some important subspaces and as the main goal
of this Chapter: the main theorems concerning the Clifford algebras structure that
unravel some important behaviour of these algebras like its periodicity, that allow
us in the next Chapter, present the objective of this work: the Clifford algebras
classification. Finally, in the third Chapter we will explore the periodicity of the

Clifford algebras and the classification will be implemented.
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1 DEFINITION OF CLIFFORD ALGEBRAS

This Chapter provides an introduction to the theory of the Clifford algebras: the
definition, the explicit construction as a quotient of the tensor algebra and some

examples.

1.1. Definition

To define a Clifford (real) algebra, a vector space over R and a quadratic form
Q defined in V are the basic ingredients. A Clifford algebra is an algebra generated
from the vectors of V in such a way that the square of an element of V is related to
the quadratic form. In order to establish this algebraic structure let us characterise

an algebra first.

Definition 1.1. An algebra over a filed K is a vector space A over K endowed with a
bilinear product Ax A — A, (a,b) — ab.

In other words, let V be a K-vector space, the pair A = (V,*) such that *: AxA — A
is called an algebra over K if given a4,b,c € V and A € K the product » satisfies the

following conditions [8]:

(i) ax(b+c)=axb=axc,
(ii) (a+b)*c=a*c+b=c,
(iii) Aa=b)=(Aa)*+b =ax(AD).

These conditions are the bilinearity of *. Furthermore, if there exists an element
e€ V suchthatexa=axe=a, YaeV, wesay that we have an algebra with unity.
Moreover, if axb =bx+a, Ya,b eV we have a commutative algebra and if (a*b)*c =

ax(bxc), Ya,b,c € V we have an associative algebra.

Definition 1.2. Let V be a vector space over R equipped with a symmetric bilinear form
g. Let A be an associative algebra with unity 14 and let y be the linear mapping y :
V — A. The pair (A, y) is a Clifford algebra for the quadratic space (V,g) when A is

12



1.1. DEFINITION

generated as an algebra by {y(v) | v e V}and {x1 4 | x € R}, and y satisfies for all v,u e V

the relation
y(V)y(u)+y)y(v) =2¢(u,v)l 4 (1.1)

The mapping y is called Clifford mapping and is a kind of square root of the quadratic

form Q(v) = g(v,v) since Eq. (1.1) can be written as
y(v)> = QW) 14 =g(v,v)ly, (1.2)

forallveV.
Some properties of Clifford algebras can be explored noticing how the relation
(1.1) works with respect to an orthonormal basis {ey,...,e,} of V. For a Clifford

algebra (A, y) for (V, g) we have

y(e;))y(ej)+y(ej)y(e;)=0, fori=j.

(1.3)
y(e))” = gle;, €)1 4.

By using those relations, any product involving y(e;) and their powers can be re-
ordered to yield [7]

e yle) (e, =01, (i=1,..n) (1.4)

and since A is generated by {y(v) | v e V} and {x14 | x € R}, it follows that it is
generated by the products

A= span{y(e))"" y(e)"...y(e,)" | p; =0,1}, (1.5)

0..y(e,)? = 1 4. One can notice that

such that the identity is denoted as y(e;)%y(e,)
the maximum number of elements of type y(ej)¥1y(ey)F2...y(e,)Fr with y; = 0,1 is
2", then, the maximal dimension of a Clifford algebra is 2". Such algebras are said

to be a universal Clifford algebra [7].

Definition 1.3. A Clifford algebra (A, y) for the quadratic space (V,g) is said to be an
universal Clifford algebra if for each Clifford algebra (B,p) for (V,g) there exists a
unique homomorphism ¢ : A — B such that p = ¢ o y. In these conditions, a universal
Clifford algebra for (V, g) is denoted by C€(V, g).

The universal Clifford algebra C{(V,g), if it exists, it is unique up to a unique ho-
momorphism. In other words, the above definition state that for each linear appli-
cation p : V — B there is a unique algebra homomorphism ¢ : A — B making the

following diagram commute

13



1.2. CLIFFORD ALGEBRA AS QUOTIENT OF TENSOR ALGEBRA

v sa
P i
\/
B

Thereby, we know that if a universal Clifford algebra C{(V, g) exists, by the unique-
ness of the homomorphism, C¢(V, g) will be unique. One can ask if for any quadratic
space (V, g) given, there exists a universal Clifford algebra C{(V, g) associated to this
space. The answer is affirmative and we will show its explicit construction as the
quotient of the tensor algebra of V by a specific two-sided ideal, in a similar way as
it is done for the exterior algebra in the Appendix C. Before, we will present a result

that concerns the dimension of the universal Clifford algebras.

Theorem 1.4. Let (A,y) be a Clifford algebra for the quadratic space (V,g). If dim
A =2"withn=dim V then (A, y) is a universal Clifford algebra for (V, g).

Proof. Consider {ey,...,e,}, an orthonormal basis of V. Since (A, y) is a Clifford
algebra the relation (1.3) holds. Moreover, from the hypothesis we have that [dim
A = 2"] therefore the set {y(e;)F1y(ey)F2...y(e,)I | u; = 0,1} generates and is a basis
for A. Now, let (B,p) be an arbitrary Clifford algebra for (V,g). It holds the same
relation (1.3) for B thence the set {p(e;)"1p(e;)"2...p(e,)" | u; = 0,1} generates B.
Right, define the linear mapping ¢ : A — 3 such that

P(y(e)" y(ex)™...y(e,)) = pler)" p(ez)">...p(e,) . (1.6)
That way defined, ¢ is an algebra isomorphism satisfying
P(r(ej)p(y(ei) +d(y(e)Pp(y(e) = 2g(e; ej)1p. (1.7)

Thus, by the Definition 1.3, (A, ) is a universal Clifford algebra C¢(V, g). O

1.2. Clifford Algebra as Quotient of Tensor Algebra

Theorem 1.5. For all quadratic space (V,g) there exists a universal Clifford algebra.

Proof. Let (V,g) be a quadratic space and T(V) the algebra of the contravariant
tensors. In order to construct a Clifford algebra as a quotient of the tensor algebra

by a two-sided ideal, is required that the elements of our Clifford algebra obey the

14



1.2. CLIFFORD ALGEBRA AS QUOTIENT OF TENSOR ALGEBRA

fundamental relation (1.2), let us consider then the ideal 7 of T(V) generated by

elements of type
veVv—-Q(v)lr (1.8)

where Q(v) = g(v,v) and 17y, is the identity of the tensor algebra. That way, the

two-sided ideal Z consists of all sums
) Ai@(vev-Q(v)ir)eB; (1.9)
i
where A;,B; € T(V). However, one can also realise that the ideal 7 is generated
equivalently by the elements

vu+u®v-2g(v,u)ly. (1.10)

Consider now the quotient map 7t : T(V) — T(V)/Z and the inclusion 1 : V < T(V)

then one can define y : V — T(V)/Z such that the diagram below commutes.
V ——— T(V)
¥ l”
T(V)/T

Now let us prove that y = wo 1 is a Clifford mapping. Consider the equivalence

relation

A~B & A=B+x, xel. (1.11)

Let u,v € V and notice that
y(v)y(u) = (u(v)r(i(u)) = 7((v) ® (((u)) = [v@®u]. (1.12)

Such that [v®u] is the equivalence class of v®u. In addition, we have that v®u can

be expressed as

1
vRu=—-(veu-u®v)+g(v,u)lr+ E(V®u+u®v)—g(v,u)1T

(1.13)

N =N =

(VRu—-u®v)+g(v,u)lr+ %[(v+u)®(v+u)—g(v+v,v+u)1T

-veV+g(v,v)lr—u®u+g(u,u)lr]

15



1.2. CLIFFORD ALGEBRA AS QUOTIENT OF TENSOR ALGEBRA

As we can see, the term in the brackets is an element of the ideal Z, therefore it

yields
1
v®u~§(v®u—u®v)+g(v,u)lT (1.14)
or equivalently
vu~vAu+g(v,u)ly. (1.15)
Hence,

y(v)y(u)+y@)y(v)=[vau]+uev]
=[vAu+g(v,u)lr]+[uAv+g(uv)lr] (1.16)
=2g(v,u)lrp,

which means that y : V. — T(V)/Z is a Clifford mapping. Therefore, T(V)/Z is a
Clifford algebra for (V, g). Right, let us prove the universality condition establish by
the Definition 1.3 for T(V)/Z. Suppose that there is another Clifford algebra (B, p)
for the same quadratic space (V,g). For (B,p) the function p : V — B such that
p(v)? = Q(v) is considered. Since L(Ti(V),B) ~ L(V,---,V;B) this mapping p can
be extended to T (V) as the linear map p’: T(V) — B given by p =p’ o1

%4
pl
B

P (vVi®--@vi)=(p ot)(vi):--(p 0 1)(vk) = p(v1)--- p(vi)- (1.17)

L3 T(V)
///p’
g

such that

Since p(v)? = Q(v), we have
P (vev-Q(v)lr)=0. (1.18)

Moreover, we also have that since elements of that type v®v — Q(v)1 are the gen-
erators of the two-sided ideal Z it follows that Z C kerp’. Let us consider then
T(V)/kerp’. In this case there exists a map ¢ : T(V)/kerp’ — B such that for all
xeT(V)

16



1.2. CLIFFORD ALGEBRA AS QUOTIENT OF TENSOR ALGEBRA

o([x]) = p’(x). (1.19)
Which is an homomorphism
P([x1[¥]) = p([x®y] = p(x®Y) = p'(x)p"(¥) = P([x])P([¥])- (1.20)

On the other hand, we have that if U; is a subspace of a vector space W;(i = 1,2),
and if f : W; — W, is a linear map such that f(U;) C U,, then f induces a linear
map f’: Wy/U; — W,/U,. Moreover, when f is surjective, then f’ is surjective
too. Therefore, the surjective homomorphism T(V)/ZI — T(V)/kerp’ shows that
dim T(V)/Z > dim T(V)/kerp’. The homomorphism T(V)/ZI — B follows from
T(V)/IT — T(V)/kerp’ — B, say ¢’, then

p p//// /////
o
B~
Hence,
(P’ o 7_( — p/
¢ o(mor)=p ol (1.21)
P oy=p

as desired. It is straightforward to show the uniqueness of ¢’ since if there were
¢1 0y =p and ¢; oy = p they would coincide on the vector space V the generator
of T(V) and thereby on T(V)/Z then ¢;,¢, would be the same. Finally, we con-
clude that T(V)/Z is the universal Clifford algebra for the quadratic space (V,g),
ie, T(V)/I=ClV,g).O

The homomorphism between the Clifford algebras ¢’ : C0(V,g) =T(V)/I - B
defined at the end of the proof of Theorem 1.5 is injective and even bijective if B is
generated by p(V), then in this case they are isomorphic. For simplicity the word
universal will be suppressed henceforward.

Right, since for any quadratic space it is possible to define a Clifford algebra, let

g be a symmetric bilinear form in R" of signature (p,q) where p + g = n and let

17



1.2. CLIFFORD ALGEBRA AS QUOTIENT OF TENSOR ALGEBRA

{eq,---,e,} be an orthonormal basis of such vector space. The symmetric bilinear

form can be evaluated on a vector v = v'e; € R” and yields that
g(v,v) = () -+ (vP)? — (WP — o - (vPT)2, (1.22)

We denote this quadratic space by RP4. It follows from Theorem 1.5 that the corre-
sponding Clifford algebra of RP exists and it is denoted by C¢,, ;:

Ct, 4 = CL(RPT),
We will now present a result that follows from the previous Theorem 1.5 that gives

us the expression for the Clifford product on the Clifford algebras [7].

Corollary 1.6. For v € V, Ay € A\p(V), if [V],[A(p)] € T(V)/T = CL(V,g) then the
Clifford product, denoted by juxtaposition, is given by

VA[p] :V/\A[p] +V|)JA[p] (1.23)

where A is the exterior product, | is the left contraction both presented in the Appendix

C, and vy, is such that b is the musical isomorphism presented in the Appendix A.

Proof. It yields from Eq. (1.15) that the product of vectors v,u in the quotient algebra
T(V)/Z =C(V,g), without the bracket notation, is given by

vu=vAu+g(v,u). (1.24)

The next step is to generalise the above expression (1.24) considering v,u,w € V.

The exterior product v Au A w can be written as
1
v/\u/\w:§(v®(u/\w)—u®(v/\w)+w®(v/\u)). (1.25)

By Eq. (1.15) we have that

vu~vAu+g(v,u)
wWR(VRU)~wR(VAu+g(v,u

( ) ( g(v,u)) (1.26)
WRVRU~WR®(VAU)+g(v,u)w

— WQ(VAU)~WwRVRu-—g(v,u)w.

Hence, we have the following relations

18



1.2. CLIFFORD ALGEBRA AS QUOTIENT OF TENSOR ALGEBRA

UR(VAW)~u®vew-g(v,w)u,
(1.27)
WR®(VAU)~wRVRu-—g(v,u)w.

Since A is antisymmetric it follows from Eq. (1.15) that

uv+veu~2¢(u,v) = (U®V)QW+ (Vvu)®w ~ 2¢(u,v)w, (1.28)
WRV+VOW~2¢(W,Vv) = (WQV)Qu+ (VOW)®u ~ 2g(W,V)u. .

By using the above relations (1.28) in Eq. (1.27) it yields

UQ(VAW)~-vRuUAW+2¢(u,v)w—g(V,w)u, (1.29)
W (VAU)~-vOWR®u+2¢(W,v)u—g(V,u)w. .

Using the relations written in Eq. (1.27) we get

VOURAW~VQ(UAW)+g(uw)w, (1.30)
—-VAWRU~ -V (WAU)—-g(w,u)v=ve®(uAw)-g(w,u)v. .

Substituting the Eqs. (1.29) and (1.30) in Eq. (1.25) we obtain
1
VAUAW= g(v®(u/\w)—u®(v/\w)+w®(v/\u))

~ %(v@(u AW)+vRuWwW—2g(u,v)w+ g(v,w)u
-VvOWQRu+2g(w,v)u-g(v,u)w (1.31)

~ %( QUAW)+VR(UAW)+g(uW)W+V®(UAW)—g(w,u)v

+3g(v,w)u—3g(u,v)w

~VR(UAW)+g(Vv,w)u—g(v,u)w.

Recalling the musical isomorphism flat b presented in the Eq. (A.11) and the con-
traction expression for bivectors stated in Eq. (C.46), we have that

g(v,u)w—g(v,w)u = —-v,(u)w —vp(w)u = v, [(u Aw), (1.32)

which implies that the product of a vector and a bivector on C{(V, g) can be written

as

VUAW)=VAUAW+V,](uAW). (1.33)

By induction, one may generalise the Clifford product of a vector v and a p-vector
A[p] as [7]
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1.3. EXAMPLES

VA[p] =V/\A[p] +VbJA[ (1.34)

p)

which proves the corollary. [
Similarly, the Clifford product of a p-vector Aj,] and a vector v is given by
A[p]V:A[p] /\V+A[p]|_Vb. (1.35)

Such that [7]

A[p] AV = (—1)pV/\A[p],

(1.36)
App)lvb = =(=1)Pvp JApp).
Therefore, we have
A[p]v = (—1)pV A A[p] - (—1)pVbJA[p]. (1.37)
Now, comparing the equations (1.34) and (1.35) it follows that
1
VAAR) = S (VAR + (S1PApY),
1 (1.38)
Vol Ajp) = 5 (VA = (=1 Appv).

1.3. Examples

Example 1.7 » C

Let V be a 1-dimensional vector space with basis {e}, i.e., for all v e V,v = pe.
Consider g the symmetric bilinear functional such that g(e,e) = —1, then, for all

v e V,g(v,v) = —p2. Consider now the subalgebra A of the matrix algebra M(2,R)

defined by
A:{[x y);x,yeR}. (1.39)

We have that A is generated by

{y[_ol ;];yeR} and {x[(l) ?]:xlA;xER}. (1.40)

Continuing in this way, define y : V — A as
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Vkﬁ{flé)zéﬂw=ti Q, (1.41)

thus
yvy = [_Oy ﬁ)(_oy f;] - —yz(é (1)) = glvv)Ly (1.42)
which means that y is a Clifford mapping. Considering the following isomorphism
C o M(2,R), x+iy<—>(_xy i) (1.43)

We conclude that A ~ C, therefore C is an example of a Clifford algebra. <

Example 1.8 > M(2,C)

Let us consider V = R3, the canonical basis {e},e,,e3} and g(v,u) = (v,u) the usual

scalar product in R®. Consider A = M(2,C) the algebra of complex matrix 2 x 2

A:{tlzj;aec} (1.44)
2y 24

Let us consider now the Pauli matrices 07,07, 03

01 0 —i 1 0 (1.45)
o1 = ) 0y = B Or = y .
"1 0 271l o S7lo -1

We have that A is generated by {x;01,x,0,,x303 | x; € C} and {x! | xo € C}. Define
the mapping y: V — Aas

y(e1) =o1,y(ez2) = 0y, y(e3) = 0. (1.46)
It follows that v = v, e; + v,e, + v3e3,u = Uy ey + uye, + tzes, € R3

y(v) =y(vie; +vye; +v3e3) = v107 + V20, + V303

_ V3 4] —iV2
a v+ ivz —V3 (14:7)
1 0
= y(V)y(u) + y(u)y(v) = 2(viuy +voup + v3u3)(0 1) =2g(v,u)l 4.

Therefore, y is a Clifford mapping and A = M(2,C) is a Clifford algebra. «
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Example 1.9 > C{3

Let us consider V = R® endowed with the usual scalar product. The universal
Clifford algebra of such quadratic space is denoted by C{; and is generated by
{1,e;,e,,e3), with dimension 23 = 8 such that

Cl; =span{y(e;) y(ey)?y(e3)" | uj=0,1} (1.48)
=span{l,e;,e), e3 e e, e e3,ere3,e er€e3}. .
and satisfies

€je; +eje; = 251']'1. (149)

Such that ¢;; is the Kronecker delta. The Clifford product between two vectors u =

ujey +ure, +uzez and v=vye; +vye, + vses is given by

uv =uqvqy + Uyvy + Uzvsz + (Ll2V3 — l/l3'l/2)€23
+(u3v) —ujv3)es + (u1vy — usvy)er; (1.50)

=u'V+uAv.

One may also denote a multivector e;e; as e;; where convenient for simplicity.

trivector

bivector

vector

scalar

Figure 1.1.: The multivector structure of C¢;

As we expect from the previous results, both Clifford algebras M(2,C) and the uni-
versal Clifford algebra C¢; are isomorphic and an element of C¢; can be represented
as a matrix on M(2,C) through the identification e; < 01, e; & 0,, e3 & 03. A de-
tailed discussion about Clifford algebra and its representations will be presented

later on. «
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Example 1.10 > C{ 5

Let V = R be the Minkowski space-time. Considering an orthonormal basis
of such space as {ej, e, e, e3} and v = (vy,vq,v,,v3) an arbitrary vector, on this 4-

dimensional real space endowed with the metric g, it follows that

2(v,v) = (voeg + viey + vre, + v3e3)(voe) + Vi€ +vre) + v3es)
20 N2 20 N2 2 N2 2 \2
=v;5(ep)” +vi(er) +vy(ey)” +vz(es)

+vgvi(€pe] + eleo) + Vovz(eoez + ezeo) + v0v3(e0e3 + 9360)

(
+ vlvz(elez + ezel) + 7/11}3(8193 + 9361) + 1/21)3(6263 + 6382)

_ 2 2 2 2

The Clifford algebra of such space is denoted by C¢; 5 and is generated by

Cly,5 =span{y(eg)"y(e1)" y(e2)"?y(e3)" | p; =0,1}
=span{l,ep, e, e, e3,epe1,ep€y, €p€3,€1€7, (1.51)

eje3 eye;3,epe e, epe|es, epeyes, e e,e;s, epe; eses).

The basis elements satisfy the following relations

(e;)? = -1, i=1,2,3. (1.52)

(eyev+eveﬂ) =0, pu=zv uv=0,1,23.

quadvector

€012 €123 €023 €013 trivector

€01 €02 €p3 €12 €13 €32 bivector

vecror

scalar

Figure 1.2.: The multivector structure of C{; 3
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An arbitrary element A of C; 5 is written as

A=a+ apgep +aje; +arep +aszes+dapg €pe +aprepes
+apzepesz +ajpe1er +aj3e1ez +arzeresz+apjpepei€) (153)

Tap13€p€1€3 +aprzeperes +aip3e €re3 +ap123€0€€3€3. <
Let us consider the exterior algebra defined in the Appendix C.
Proposition 1.11. The exterior algebra is a Clifford algebra.

Proof. Let V be a vector space and (/\(V), A) be the exterior algebra. Let us consider
the mapping y: V — /\1(V). For arbitrary elements u,v € V it reads that y(v)y(u) =
v Au. We also have that each element of /\k(V) is given by vy A---Avg = p(vy)... ¥ (V).
Therefore, it follows that A\(V) is generated by {y(v)|v e V}e {x1 4| x € R}. For the

symmetric bilinear form g = 0, we have:
y(v)y(u)+yu)y(v)=vAu+uAv=0=2g(uv)l 4. (1.54)

Therefore the exterior algebra is a Clifford algebra with respect to the null bilinear

form ¢g=0. 0
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2 STRUCTURE OF CLIFFORD ALGEBRAS

This Chapter provides a detailed exposition of the Clifford algebra structure. We
will present some operations that can be defined on those algebras, some important
subspaces and as the main goal of this Chapter: the main theorems concerning the
Clifford algebras structure that unravel some important behaviour of these algebras
like its periodicity, that allow us in the next Chapter, present the objective of this
work: the Clifford algebras classification.

2.1. General Properties

Let V be a vector space and {ey,---,e,} be an orthogonal basis for V. It yields
from Eq. (1.34) that

eie;=e;Nej+(e)ylej=e; Nej+(e)(ej)=e;Aej+g(e,ej)=e;Ae; (2.1)

for every i # j. One may generalise the above result and obtain the following relation

e, e

e, =€ A Aey (1 # -+ = ). (2.2)

Hence, as it is derived in the Eq. (C.24), the dimension of C{(V, g) is given by

n n .
dimCl(V,g) = ( ) =" = dimV, (2.3)

We have therefore the converse of Theorem 1.4,

every universal Clifford algebra has dimension 2" (n = dim V).

There exists a vector space isomorphism between the exterior algebra A (V) and the
Clifford algebra C{(V, g) since they have the same dimension. One important point
to note here is the fact that Clifford algebra inherits the multivector structure from

exterior algebra. One may write
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2.2. OPERATIONS ON CLIFFORD ALGEBRAS

ce(V,g) = é /\(V). (2.4)
p=0 p

This means that the study of the exterior algebra is fundamental to understand the
multivector structure of the Clifford algebras. A discussion of the exterior algebra

can be found in the Appendix C.

2.2. Operations on Clifford Algebras

Some operations can be defined in a multivector algebra based on its own mul-
tivector structure. They can be used to unravel some properties in the algebraic
structure, to define some subspaces of the algebra and its applications. Those op-
erations can be defined equivalently with respect to the exterior algebra A(V) or in
terms of Clifford algebras C¢(V, g).

Definition 2.1. Let A € C{(V, g) be a multivector, the projector operator is defined as

(picl(v,g) —  A(V)
p (2.5)
(Ayp = App

such that Appy € \,(V) is the p-vector component of A.

Definition 2.2. Let A € C{(V, g) be a multivector, the grade involution is defined as

T ClV,9) — ClV,g) (2.6)

Ap) F— (FDPAp).

Definition 2.3. Let A € C{(V, g) be a multivector, the reversion is defined as follows

TiC0V,g) — ClV,g)

— p(p-1)

— (1) 2

(2.7)
(pl

Definition 2.4. Let A € C{(V,g) be a multivector, the conjugation, denoted by A, is

defined as the composition of the grade involution and the grade involution:

—_— —
—_— T~ —

= App) = App)- (28)

In summary, for A € C¢(V, g):
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2.2. OPERATIONS ON CLIFFORD ALGEBRAS

(i) (A)p=App) (projection);

(ii) Z[E = (=1)PA,, (grade involution);
(iii) A ] = (—1)p(p271)A[p], (reversion);
(iv) A[p] = A[p] = ATp/]' (conjugation).

Example 2.5 > Operations in C{; 3

Let us consider the Clifford algebra C¢; 5 and an arbitrary A € C¢; 5 given by

A=a+ apep t+dadje; +are, +ases+dapiepe +dpr€per
+apsz€pesz +ajpe1€e) +ajze1e3 +dpzeres +dpip€p€ier (29)

T a013€0€1€3 T d023€0€2€3 +d123€1€2€3 + dp123€0€1€2€3.
One may also write A in a compact form

A= A[O] + A[l] +A[2] +A[3] +A[4]. (2.10)

The projector operator yields:

0
<A>0 =a= A[O] c /\(R1’3),
1
(A); = apey+ae; +are, +azes =Apj| € /\(RI,S),
2
(A)y = agreper +agoeger +agzepes + ajpere; +ajzeres +dyzeses = A[z € /\ (R'?),

_ _ 13)
(A)s = ag1z2epe1e; +agi3eperes + dgrzeperes + djpzerere; = A3 € /\ (R™).
4
_ _ 1,3
(A)s =ap123epeeze3 = Ay € /\(R )-

(2.11)
For the other operations we have that
;{\: A[O] _A[l] +A[2] —A[3] +A[4], grade involution,
A': A[O] + A[l] —A[z] —A[3] + A[4], reversion, (212)
A= A[O] - A[l] - A[z] + A[3] + A[4], conjugation. <
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2.3. SUBSPACES OF CLIFFORD ALGEBRAS

Proposition 2.6. Let A[,) € /\p(V), then X[E = £A[p), ZXI;] = *A[p) and z?p] = A
with the plus or minus sign depending only on p mod 4 as indicated in the following
table:

p mod 4 (001 2 3
grade involution (%) | + - + -
reversion (~) + + - -
conjugation (¥) + - - +

—_—

Proof. For the grade involution it is straightforward since A[,) = (-1)PA[,). For the

plp-1) .
7 App- Therefore, let us consider the four cases

reversion, we have that ;\I;] =(-1)

for p € N. Suppose that p =0 mod 4. In this case, p = 4x for some x € N, therefore

%p(p -1) = %4x(4x — 1) which is an even number. Suppose that p =1 mod 4. In

this case, p = 4x + 1, hence %p(p -1)= %(4x + 1)(4x) which is an even number. Now
let p = 2 mod 4, therefore %p(p -1) = %(4x + 2)(4x — 1) which is an odd number.
Finally, for p =3 mod 4 it follows that %p(p -1)= %(4x + 3)(4x — 2) which is an odd
number. Right, once the conjugation is the composition of the grade involution and

the reversion, so is its signal. [J

2.3. Subspaces of Clifford Algebras

Let us now introduce some important subspaces of C£(V, g).

Definition 2.7. The centre of a Clifford algebra CC, , is defined as being the set of ele-

ments on CC,, , that commutes with all elements of C, 4

Cen(Cl,,q) ={a€Cl,,lax=xa,¥xe€Cl,,}. (2.13)

One may characterise the Cen(C(, ), n=p +q, as [7]

RPA), if 1 is even,
Cen(CL,,,) = Ao(RP), if s even (2.14)

No(RPI) @ A, (RP), if n is odd.

The next definition allows us to write the Clifford algebra C{(V, g) as a direct sum

of two subspaces.
Definition 2.8. The following subspaces of C¢(V,g)

ClH(V,g)={AeCl(V,g)| A=A,

— (2.15)
CO(V,g) = |AeCl(V,g)| A=-A),
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2.3. SUBSPACES OF CLIFFORD ALGEBRAS

are said to be respectively the even part and the odd part of C{(V, g).

Therefore, one can write
ClV,q)=ClT(V,g)@dCl (V,g). (2.16)

Those subspaces unravel one important property of the Clifford algebra structure

concerning its grading.

Definition 2.9. Let G be an abelian group. An algebra A is said to be G-graded if there
exists subspaces Ay (k € G) such that A = @ Ay and, if given x; € Ay, y; € A, it follows
that x;y; € Ay

The elements of Ay are said to be homogeneous of degree k. In general, the following

notation is used
k =deg(xy), xie€ Ay (2.17)
Since G is abelian it implies that

deg(xyr) = deg(xx) + deg(v;). (2.18)

It is assumed that for the scalars a € K = C,R that deg(a) = 0 and that the null vector
must be considered homogeneous for all degrees since every subspace Ay contains
it. If the unique element which is negative-graded is the null vector, the algebra is
said to be positive-graded.

Right, since the grade involution is an automorphism [7]

—

Alp)Bla) = Ay Bigy = (1P 94 1Brg € [\ pig(V) (2.19)

the following relations for the Clifford algebra C{(V, g) can be derived

CL*(V,g)CL™(V,g) CCL™(V,g),
CO*(V,g)Cl™(V,g) CcCl(V,g), (220,
C(V,g)CeH(V,g)cCl™(V,9),
Cl(V,9)Cl(V,g) C CLY(V,g).

Thus, it follows that C¢(V,g) is a Z,-graded algebra and C¢*(V, g) is a subalgebra
of C{(V, g) called even subalgebra.
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It is worth to emphasise that in contrast to the grade involution, we have that the

reversion is an anti-automorphism, that is [8]

Ap)Bg) = Blg1 Ap)- (2.21)

2.4. Theorems on Clifford Algebras Structure

In this section, some important theorems concerning the structure of Clifford
algebras will be presented. Aside from the inherent importance of such theorems,
they will be used to construct the classification of the Clifford algebras. Although,
before presenting those theorems, let us start by defining an important concept re-

garding graded algebras.

Definition 2.10. Let A and B be two graded algebras. The alternating tensor product
A®B between those algebras is defined as the algebra generated by the product a®b,
ac A, beB, with product defined by

(611 ®b1)(02®b2) = (_1)deg(b1) deg(“z)a1a2®b1b2. (222)

The Definition 2.10 applies to homogeneous elements and can be extended by lin-
earity. The tensor product & is the usual tensor product and the hat notation re-
minds us that the product must take into account the grading of the elements in-

volved. This leads to the following theorem [6].

Theorem 2.11. Let (V,g) and (V’,¢’) be two quadratic spaces and C{(V, g) and C¢(V',¢’)
their respective Clifford algebras. Thus

ceVeV, gag)~ClV,g)&ClV’,¢) (2.23)

where =~ denotes an isomorphism between Clifford algebras and V & V' stands for the

orthogonal direct sum of V and V’.

Proof. Let g ® g’ be the symmetric bilinear form defined in V @ V'’ such that for all
v,ueVandforallv,u’ e V’”:

(gog)v+v,u+u’)=g(v,u)+g¢'(v,u’). (2.24)

Defineamap: V@V’ — Cl(V,g)&CL(V’,¢’) by setting

Fv+v)= v ®ly+ly® Vv . (2.25)
—_—— —_——
y(v) y'(V)
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Since ¥y : V — Cl(V,g) and y’: V' — C{(V’,¢’) are Clifford mappings, then I' is also
a Clifford map. Indeed,

Tv+v) =1y +1y V(v 1y +1yQV)

(
(1) 2@ 1y + (1) & v + (-1) v v + (-1)1 01, @ v

A A A A 4
V1 +VvRV —vRV + 1y Qv 2

gV, V)& 1y +1y&g'(Vv, V) (2.26)
=(gv,V) 1y &1y +(g(V, V) 1y &1y

=(g(v,v)+g'(v,v) 1y &1y

=(gdg)(v+Vv,v+Vv) 1y &1y

In addition,

dim CL(V,g)& CL(V',g') = 24imV pdim V' _ pdim VeV” (2.27)

On the other hand, let C€(V @ V', g ® g’) be the universal Clifford algebra associated
to the quadratic space (V@ V’,g®¢’), from the universality theorem, there exists a

homomorphism
G:ClVeV,gag)—ClUV,9)&ClV’, ) (2.28)

such that the following diagram commutes

Y(vev’)

VeV’

CUV,g)RCLV’, )
Where y(ygy) denotes the Clifford map. Therefore, since
dimCl(Ve V', gog)=24mVeV —dimcev,g)&ce(v’,g) (2.29)

we conclude that ¢ is an algebra isomorphism. [

Now we will introduce the concept regarding the complexification of a Clifford
algebra, before, since an algebra is a vector space, let us state the complexification

of a vector space first.
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Definition 2.12. Let V a vector space over R with dimension dim V = n. The complex-
ification V¢ is the space of elements in the form v + iu, such that v,u € V and i is the

imaginary unit.

Hence, the space V¢ is a vector space with sum and multiplication by a complex
scalar (a +1b) defined by

(Vi +iug) + (vp +iuy) = (V] + Vo) +i(ug +uy), (2.30)
(a+ib)(v+iu) = (av - bu) +i(bv + au). '

The dimension of Vi is dim ¢ Ve = n over C and dimp Vi = 2n over R. It can be
noticed that

Ve=CoV. (2.31)
By the nature of the tensor product, any vector v € V¢ is written in a unique way
as [8]

V:V1®1+V2®i, (232)
such that v, v, € V. However, for simplicity, we can just write v = v +iv, as shown
in the Definition 2.12.

Given a symmetric bilinear form g endowing V, one can define its extension gc :

Vex Ve — Cas
ge(v,u) = go(vy +ivy,uy +iuy) = g(v,uy) — g(vo,up) +i(g(vy,up) + g(vp,uy)). (2.33)

In the first Chapter, the Clifford algebras have been introduced with the definition
of real Clifford algebras. We are now in a position to present the complex Clifford

algebras through the next theorem that unravel its structure.

Theorem 2.13. Let (V,g) a quadratic space over R and C{(V,g) its associated Clif-
ford real algebra. Consider the complex Clifford algebra C€(V, gc) for the complexified
quadratic space (V¢, gc). Hence

Cl(Ve,8c) =Cle(V, ), (2.34)

where Clc(V,g) = C®CL(V, g) denotes the complexification of C{(V, g).

Proof. Let us first notice that C® C{(V,g) is an algebra such that for all a,b € C and
A,Be(Cl(V,g) the product is given by
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(a®A)(b®B)=ab® AB. (2.35)

Since dimr C€(V,g) = 29™V | the dimension of C¢¢(V, g) over Ris given by dimp Cl(V, g)
=2dimpCO(V,g) =2-29mV If y : V — Cl(V,g) denotes the Clifford map, one may
define a map I': Vo — C{c(V, g) as a linear map on C such that

T=1®y, (2.36)

where 1 denotes the identity of V. Hence, for a® ve C® V we have that

[(a®@Vv)=a®y(v). (2.37)

We claim that the map I' is a Clifford map. Indeed,

T(1eVv)>=(10yW)(1ey(v) =18g(V,v). (2.38)

On the other hand, since C{(V(, gc) with a Clifford map y¢ is a universal Clifford
algebra for (Vc,gc), by the universal property there exists a homomorphism ¢ :
Cl(Ve,8c) — Cle(V, g) for which the following diagram commutes

yc

Ve > CU(Ve, 8c)

-
-
-
-
-
-
r -
-
-
-
-
-~
-
-

Clc(V,9)=CCl(V,g)
With respect to the dimension, we have that: dim¢Cé(Ve, gc) = 249™V or equiva-
lently dimg C€(V, gc) = 2-29™ VY, Since dim Cl(V¢, gc) = dimClc(V, g) we conclude

that ¢ is an isomorphism. [

The above result shows us that the complexification of a Clifford algebra is
isomorphic to the Clifford algebra of the complexified vector space. It means that

the tensor product with respect to C can come out of the parentheses, that is,

CUC®V,gc) =~ CRCLV, ). (2.39)

Once the real Clifford algebras structure is known, the complex Clifford algebras are
immediately obtained via the complexification. It alludes that in order to describe
the Clifford algebras structure it suffices to understand the real ones. The following
theorem describes the periodicity of Clifford algebras and it is important to the
construction of the classification.
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Theorem 2.14. Let C{, ; be the Clifford algebra associated with the quadratic space RP1.
Then the following isomorphisms hold:

(1) Clypr1441 = ClLI®CL, s
(i) Clpap=> Clyg®Clyy; (2.40)
(i) Clyper = Clyr®CL,,

where either p,q > 0 and @ denotes the usual tensor product.

Proof. Let U be a 2-dimensional space, with orthonormal basis {f;,f,} endowed with

a symmetric bilinear form gy such that for u = u'f; + u?f, € U, one may write

§ 40 :/\1(111)24'/\2(142)2, /\1,/\2 =+1. (241)

That is,

+(u?)?, ifU=R>Y,
gu=13(')?-(u?? ifU=RY, (2.42)
—(uh)? —(u?)?, if U =R

With respect to the n-dimensional quadratic space RP4, n = p + g, with an orthonor-

mal basis {ey,...,e,}, for v=v'e; € R we have that
gV, V) = (@) o (0P = (0P - P2, (2.43)
Alinear map I': RP1@ U — Cl(U, gy) ®CL, ; is defined for allu € U and v € RP1 as
[(v+u)=ff,®v+ul (2.44)

where f; = p(f), f, = p(f2), u=p(u), v=p(v)and p: U - Cl(U,gy),y : RP1 - CC, ,
are the Clifford mappings. We claim that I is also a Clifford map. In fact,

T(v+u))? = Hheviuxl)f f,ev+uel)

(2.45)
= (£,£,)> @ v? + (uf £, + f,fLu)@v+u’ @ 1.
Recalling that {f{,f,} is orthonormal, it follows that
f1f2 = fl A f2 = _fol- (246)

It then yields
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2.4. THEOREMS ON CLIFFORD ALGEBRAS STRUCTURE

uf1f2 + fllel = u(fl N fz) + (fl A fz)ll
=2uA fl N f2 (247)
= 2(u'f; + u*f,) Afy Af, = 0.

We also have that

(F1£2)% = £16,£,£, = —(£))%(f)* = -1 s, (2.48)

Therefore, for (I'(v+u))? in Eq. (2.45), it reads
Tv+u)?=-1;1,0g8V,v)+gy(u,u)®1
= [ (') + A (u?)? = A Ao ((v')? (2.49)

+...+(vp)z_(vp+1)2—---—(vp+q)2)]1®1

Then, the map I is a Clifford map with I' : RP1® U — Cl(W, gw) where W is a
(n + 2)-dimensional space endowed with a symmetric bilinear functional gy given

by

gw =AM (') + Ap(u?)? = L (W) + o+ (0P)2 = (P2 - - (0PH)2) (2.50)

where w = u+v = u'f; + uf, + v'e;. Hence, three possibilities arise:

(i) If U =RV then W = RP*14+1 since
gw = (') = () + (@) 4+ (vP)? = (@P1)? = - (0PH)2), (2.51)
(i) If U = R*? then W = R9*?P, since
gw = ')+ (?) = (@) -+ (vP)? = (P1)? = - (0PF)2), (2.52)
(iii) If U = R%? then W = R%P*2, since

gw =—(u')? = (?) (') +-+ (@) = (@) = - (PT)?). (2.53)

In addition, the isomorphism follows from the Clifford algebra universality

RPAQU —————— CUW,gw)

-
-
-
-
-
-
-
- >~
-
-

L
ClU,gy)®CL, ,
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2.4. THEOREMS ON CLIFFORD ALGEBRAS STRUCTURE

That is,
RPHLATY 5 Clyyq g1 RI*2P —————— Cloya RPY2 —————— Cl, ,1r
i’ Il il
Ct,, 8CE,, Clyy ®CL,, Cly2®CL,,

which proves the Theorem. [J

By combining the above isomorphisms several others can be obtained. For in-

stance, notice that the repeated use of the relation (i) in the Theorem 2.14 yields

p factors

Clyp=Cli1®--®Cl, =&PCl . (2.54)

By the same relation (i) in the Theorem 2.14, for p < q it follows that

Clyy~Cl ®Cl, 1,
= Cgl,l ®C€1’1 ®C€p—2,q—2

(2.55)
~®FCly ®Cly 4y
~Cl,,®Cly 4 p-
Therefore, we have the following relations
Clpq=Cl, ,®Clyyp, (p<9q) (2.56)
Clpg=Cly®Cl, 40 (p>
In particular, by the relation (iii) in Theorem 2.14 it is straightforward that
Clya=Cly,RCly . (2.57)
and that
Clyr~=Cly,®Clyy=Cl 1 ®Cl ;. (2.58)

Therefore, by the relations (ii) and (iii) in the Theorem 2.14 and the Eq. (2.57) it
follows that
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2.4. THEOREMS ON CLIFFORD ALGEBRAS STRUCTURE

Cgp,q+4 = Cgp,(q+2)+2 = C’60,2 ® C€q+2,p
2650’2 ®C€2’0 ®C€p,q (2.59)
~ Cly,®CL,,
which implies the following relation
C€O,8 = C€0,4 ®C€074. (260)

It also follows that

Cgp,q+8 = Cgp,(q+4)+4 ~Cly4® Cgp,q+4
~Cly s ®Cly 4 ®C€p,q (2.61)
= C€0,8 ®C€p,61'

Another isomorphism that does not follow from the Theorem 2.14 that has out-

standing importance is given in the next lemma.
Lemma 2.15. ng’o =~ 651’1.

Proof. Each A €(Cl,,and B € C{;; has the form

A= apg+a;e; +arert+ajpeiey,

(2.62)
B = bo + blfl + b2f2 + blZfle'
Such that those basis elements satisfy the following relations
2 2
e) =1, (e)) " =1;
(e1) (e2) (2.63)
(f)?=1, (f)*=-1.
Therefore, one can define a linear map ¢ : Cl, y — C{; ; by setting
P(1)=1, ¢ler) =11, Plex)=1f1, ¢lejer) =1, (2.64)

which is an algebra isomorphism. [

By the relations (i) and (ii) in the Theorem 2.14 and the above Lemma 2.15,

another isomorphism can be derived:
C€p+1 = C€1’1 ®C€p’q_1
=l ®Cl, 41 (2.65)

= C€q+1,p.
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2.4. THEOREMS ON CLIFFORD ALGEBRAS STRUCTURE

Such results indicate that by knowing the following low-dimensional Clifford al-

gebras

Cgl,O) C€0,1r C€0’2, C€1,1:C€2,0 (266)

then we know all of them in arbitrary finite dimensions since any other Clifford
algebras can be constructed using the isomorphisms that we presented. Those iso-
morphisms introduce a method for the classification of Clifford algebras that shall
be regarded later on. It is worth pointing out that the Theorem 2.14 can be gener-

alised as follows

Corollary 2.16. Let CL, ,; be a Clifford algebra associated with the quadratic space RP
and let k > 0. Then the following isomorphisms hold:
(1) C€p+k,q+k = Cgk,k ®C€p,q;
(11) C€q+2k’p = ngk’() ®C€p,q5 (267)
(iii) Clyprak = Cloak ®CL, 4.

where either p,q > 0 and @ denotes the usual tensor product.

Proof. Let U be a 2k-dimensional space such that U = R*F, U = RO, U = R?k0,
Therefore, the same steps shown in the proof of the Theorem 2.14 provide the de-

sired isomorphisms. [J

Finally, we also have the following result about isomorphisms regarding the

even subalgebra structure:

Theorem 2.17. Let C{, ; a Clifford algebra associated with the quadratic space RP1 and
Cl; 4 its even subalgebra. Then the following isomorphisms hold:

C€;,q ~Clyp1=Clpg1 = Cf;,p- (2.68)

Proof. Let {e; f;} with i € {1,..,p} and k € {1,..,q} an orthonormal basis of the vector
space V such that C(, ; is generated by 1 and {e;, f;}, fori,j € {1,..,p} and k, I € {1, .., q}
such that

(ei)2 =1, (fk)2 =-1,
€i€; +e]-el- =0 (1 * ]),
fkfl + flfk =0 (k * l),

e,-fk + fkei =0.

(2.69)
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2.4. THEOREMS ON CLIFFORD ALGEBRAS STRUCTURE

Then the vector space A?(RP7) consists of the elements leje; (i =) fif; (k=1) e}
However, not all of those quantities generate the even subalgebra C{; . Actually,
there is a redundancy. For example, all the bivectors {f;f; (k = I)} may be written in

terms of the bivectors of type {e;f;}, since
(eifi)(eif)) = —(e;)*fify = —fxf; (k= 1), (2.70)

Choosing an arbitrary vector, for instance, ey, it follows that the set

{e1, e, e, fi ) withme{2,...,p}and k € 1,.., g generates the space A?(RP4) and then
it generates the even subalgebra C{; ,. Writing such generators of C{; ; as &, = e1e,4
forae{l,..,p—1}and ¢, = e f, for b e{l,..., g} it yields

(£ =—(e1)*(egi1)* = -1

(Cp)* =—(e1)*(fp)* =1

Ealp +Cp&a =0 (2.71)
Eale+¢:8,=0 (a=0)

CpCa+CaCp=0 (b=4d)

Therefore, the quantities {C,&,} for b € {1,...,q} and a € {1,..,p — 1} are the gen-
erators of a Clifford algebra associated with the quadratic space R%P~!, that is,
Cg;:‘] = ng,p—l'
phism written in the Eq. (2.65). O

The other above isomorphisms naturally follow from the isomor-
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3 CLASSIFICATION OF CLIFFORD ALGEBRAS

Finally, in this Chapter we will explore the periodicity of finite dimensional Clif-
ford algebras and classify all of them. The prominence of representation theory will
also be concerned, since Clifford algebra is naturally related to matrix algebra and
their classification is based on it. The representation theory in algebra is very impor-
tant by at least the following reasons: a priori, the Clifford algebras seem to be very
abstract, however, from their representation by matrix algebra we can see explicit
some relevant and concrete properties and behaviour of those algebraic structures.
The calculations involving matrix algebra is oftentimes easier and simple rather
than the calculations on the Clifford algebra abstract structure. In addition, the ma-
trix algebra dialogue with an abundance of areas and the natural relation of them
with Clifford algebras, makes the Clifford algebra rich in applications. Moreover,
based on the periodicity of the Clifford algebra, we will work on the representation
of the low-dimensional Clifford algebras to develop the classification of all of them

as our main goal.

Definition 3.1. Let A be a real algebra and V a vector space over K =R,C,H. A linear
map p : A — Endg (V) satisfying p(1 4) = 1y and p(ab) = p(a)p(b), for all a,b € A, is
called a K-representation of A.

o Such vector space V is called the representation space or carrier space of A.

¢ Two representations p; : A — Endg(V;) and p; : A — Endg(V>) are equivalent
if there exists a K-isomorphism ¢ : V| — V, satisfying p,(a) = ¢ o p1(a)o ¢71,
forall a e A.

o A representation is said to be faithful if ker p = {0}.

o A representation is irreducible or simple if the only invariant subspaces of p(a),
for all a € A are V and {0}. It is said to be reducible or semisimple if V=V, @&V,
where V) and V, are invariant subspaces under the action of p(a), for all a € A.

Example 3.2 > Representations for C.
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Consider the algebra of complex numbers C. As an algebra over C it has two rep-
resentations p(a +ib) = a+ib and p(a +ib) = a —ib. Since there does not exists
any linear map ¢, : C - C;(a+ib) — ¢,(a+ib) = z(a+ib), where z = x + iy, s.t.,
p(a+ib) = zp(a+ib)z7!, these two C-representations are not equivalent. Although,
every C-representation (and also every H-representation) is a R-representation. One
can define two real representations o : C - M(2,R) and ¢ : C - M(2,R) as

a(a+ib):[“ b), 5(a+ib):(z _b) . (3.1)

- a a

Such representations are equivalent, namely, there exists an isomorphism ¢ : R? —
R? such that G(a +ib) = ¢o(a+ib)¢p~!. For instance,

_Ll |

Those R-representations are irreducible. An example of a reducible R-representation

is provided by
a b 0 0
-b a 0 O
+1ib) = . 3.3
sariv)=| 0| (3.3)
0 0 b a

Example 3.3 > The representation of C{3 by M(2,C).

Let us recall the Clifford algebras M(2,C) generated by the Pauli matrices {1, 01, 03, 03}
described in the Example 1.8 and the universal Clifford algebra C¢; described in the

Example 1.9. By setting the following identification in the generators:
e <0, e,<0; e3o03 (3.4)

we have the following correspondence of the basis elements of those Clifford alge-

bras:
M(2,C) Cl;
I 1
01, 03, O3 €1, €2, €3

0103, 0103, 0703 | €1€3, €1€3, €7€3

010,03 €1€r€e3
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Therefore, by that identification, an arbitrary element A € C{3

A=a+ ajeq +apep+aszes+ajpe ey +ajzejez+arzeresz+ajr3e1€€es3 (35)
can be written in terms of M(2,C) as

Ao (a+az)+iajp+ass) (al—a13)—i(a2_“23)):[zl 23]. (3.6)

(ay +ay3)+i(ay+ays) (a—az)—i(a;p—azrs) 2 24

The operations of grade involution, reversion and conjugation defined in the Section

2.2 in Cl5 are given respectively by:

AO—A1+A2—A3,
AO +A1 —Az—A?,, (37)
AO_AI —A2 +A3.

[
I

Right, in terms of M(2,C) they are represented, respectively, by the following ma-

trices:
FOR (a—a3z)—i(ajp3—ajy) (—a13—a1)+i(a2+a23)]:( zy —23)
(a13—ap)+i(axz—ay) (a+az)—i(a;p+ao;3) -z3 2]
T (a+az)—i(ajp+ayz) (a;+ayz)—i(a,+ 023)) _ [Zi Z;) (3.8)
(a1 —ay3)+i(ay —azs) (a—az)+i(ajn—ai3) Zy 2,
T (a—a3z)—i(ajp—ao3) (a13—a1)+i(a2—a23)]:(z4 —23]
(—ay —ay3)—i(ay +ays) (a+as)+i(a;n+a;s) -2 7

In addition, the elements of the odd part A_ € C{3, the even subalgebra A, € cet,
and the centre A.,, € Cen(C¢3) in terms of the algebra M(2,C) they are given by:

as +1idayo a; —iay wy, w5
A_= Al +A3 <~ 3 . 3 ) = 2* ,
a) +1ap —asz + 14133 (%) —wl
a+iay;, —ap;z+ia, X] =X
A, =Ag+A, & _ R P 2], (3.9)
a3 +1djs;3 a—1daqy X Xy

+1 0 0
Ay = Ag+ Az |2 T 123 T _[F0 P
0 a-+1dir3 0 1

Example 3.4 > The representation of C®C¢; 5 by M(4,C).

Let us consider now the complex Clifford algebra C(C® V,gc) = C®CL(V,g), this
algebra is isomorphic to the matrix algebra M(4,C) generated by the Dirac matrices
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{Y0, V1,72, 73} presented in the Introduction of this work in the Eq. (0.6). We identify
the generators of C¢; 3 with the Dirac matrices

€ <)o €1V, €Y, e3o s (3.10)
Therefore, we can write an arbitrary element C € C®C¢; 5 in terms of M(4,C). This

element has the form:

C=A+1iB A,B €C€1’3
C=a+ apepgt+aje| +aze, +azesz+apgi€pge; +apr€p€yr +apzepes +ajp€1€-

tapze1€e3 +darzesesz +ap12€p€1€ +4ap13€p0€1€3 +apr3€p€r€e3 +arp3€1€7€3

(3.11)
+dp123€p€1€e3 + l(b + boeo + blel + b2€2 + b3e3 + b()leoel + b02e0e2
+bosepes +bjre e, +bizejes +byzeses +byjaepere; +byrzepe;es
+bgyzepeses +biyzejeres + byrazepe;ese;s).
In terms of M(4,C) we have that:
1 0 00 1 0 0 O 00 0 -1 0 0 0 1
_jo1 oo o1 0 o0of Joo-10 oo -io
001 of oot oM™ lo1 0 of Tlo-i o of
00 01 00 0 -1 1 0 0 O i 0 00
0 0 -10 0 0 0 -1 0 0 1 0-120
0 0 0 1 _00—10 _00—10 0 0 1
110 0 of 7o 0 oo i oo 7T|a 0 0 of
0-1 00 rl 0O 0 O - 0 0 0 01 0 O
— 0 01 0 O 0 = 0 O - 0 0 O
_OiOO |t oo0oo0l [4000 lo i 00
270 0 i o "o 0 0 1" o 0 0 <[ 7o 0 i of
0 0 1 0-10 0 = 0 0 0 0 —
0 00 0 4 00 0 01 O 0O 01 0
oo o | 000 lo 00 1o 0 04
Y013 = 00 0 -1l Y023 = 0 i :7’123—_1 00 ol Y0123 = 100 ol
1 0 i 0 0100 0-1 0 O

Applying the correspondence, we have that:
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Co=al +1ibl,

Cir =agyo+aryr +ayya+azys+i(boyo + b1y +bays +b3y3),

Cy =ap1Yo1 +a02Y02 +403Y03 + A12Y12 + 413Y13 + a23Y23 + 1(bo1 Y01 + bo2Y02 + b3 Vo3
+b1ay12 +bisy1z +b23y23),

C3 =ap12)012 +4013Y013 +2023Y023 + 31237123 + 1(bo12Y012 + b013Y013 + V0237023 + b123V123),

Cy4 = a0123Y0123 +1bp123Y0123-

(3.12)
Therefore C = Cy+ C; + C, + C3+ C4 € C®CY) 5 is represented by the matrix:
myy mMyp M3 Mg
m m m m
c=|"72t T2 T T e pm(4,0), (3.13)
M3y M3y M3z Nzy
My Myy Myz Mgy
such that each term is given by
myy = (a+ag+byy+boia) +i(—ajp—agi2+b+by),
=(a13+ag13 +baz + bgo3) + 1( ay3 —agp3 + b1z +bo13),
:( az—ags +ajo3 +agi23) +i(=bsz —boz + bya3 +bo123),
= (~ay —ag; — by —boy) +i(ay +agy — by —byy)
= (—ay3 —ag13 + byz + bpoz) +i(—a3 —aga3 — bz — bo13),
myy =(a+ag—byp—bpia) +i(a; +ag2+b+by),
= (=ay —agy + by + b)) +i(—a; —agy + by — boy),
Moy = (a3 +ag3 —ay23 — ag123) +i(+b3 +boz — b123 — bo123), (3.14)

)+

M3y = (a3 —aps — a123 + ao123) + 1(bz = bo3 — b123 + bo123),

M3y = (ay —agy + by —boa) +i(-az +agy + by —boy),

m3z = (a—ag+byy—bor2) +i(—ajp +agi2 +b—by),

m3yq = (@13 —ag13 + ba3 — boos) +i(—ap3 + agps + b1z — bo13),

myy = (ay —agr — by +boa) +i(az —aga + by — boy),
= (—az +ag3 +a123 — dg123 + bpz) +i(—az3 — bz + bos + b123 — bo123),
= (—a13 +ao13 — boas) +i(ag23 — b1z + bo13),
(

myy = (a—ayg—byp+borp) +i(a;y —agi2 +b—by).

This example provides explicitly the representation of an arbitrary element in the
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3.1. THE CLIFFORD ALGEBRA C¢,

complex Clifford algebra C®C¢; ;3. <«

Right, let us recall the important result developed in the previous Chapter which
tell us that by knowing four low-dimensional Clifford algeras, namely, C¢; o, Cly 1, Cly
and C¢, ; = Cl,, then we know the next ones by applying the Theorem 2.14. Our
next goal, aiming the classification, will be therefore establish the representation of

such low-dimensional Clifford algebras.

3.1. The Clifford Algebra C{,;

A Clifford algebra associated to the quadratic space R%! was introduced in Ex-
ample 1.7. If e is an unit vector such that g(e,e) = —1, an arbitrary element ¢ € C{;;

1s written as

lp:a+be€C€0’1 (315)

where e? = —1. This algebra is isomorphic to the complex algebra C, namely, the set

of pairs (a, b) € R? endowed with the multiplication given by
(a,b)(c,d) = (ac—bd,ad + bc). (3.16)

The isomorphism is establish by p : C{y; — C such that p(1) = (1,0) and p(e) =
(0,1) = i. Therefore

C€0,1 ~ C. (317)

3.2. The Clifford Algebra C¢;

Let us consider the quadratic space R"Y. Taking the unit vector e such that

g(e,e) =1, an arbitrary element 1 of C{; o reads

Yp=a+beecCly (3.18)

where now e? = 1. The difference between this case and the previous one is that
here we have e? = 1 instead of e = —1, it yields some drastic distinct consequences.
To be more precise, let us consider the set of the pairs of numbers (a,b) € R? with

multiplication defined by

(a,b)(c,d) = (ac + bd,ad + bc). (3.19)
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3.3. THE CLIFFORD ALGEBRA C¢,

Let us denote this set by D, whose elements have different denominations: double
numbers, perplex numbers, duplex or Lorentz numbers [7]. In particular, such set is
not a field, but a ring. It is neither a division ring, since (1,1)(1,-1) = (0,0). Despite
the above defined multiplication being appropriate to compare D to C, it is not so
suitable for the Clifford algebras classification. Therefore, let us consider the set of

the pairs of numbers (a,b) € R? endowed with a product defined by
(a,b)*(c,d) = (ac,bd) (3.20)

This algebra is the direct sum of real algebras, namely, R®R. It is isomorphic to the

2 x 2 diagonal matrices. Such isomorphism is given by

a 0
$(a,b) = [0 b] (3.21)

The algebra R@®R is also isomorphic to D. The isomorphism ¢ : D — R@® R reads

@(a,b)=(a+b,a-0). (3.22)

In fact, let (a,b),(c,d) € D

¢((a,b)(c,d)) = p(ac+bd,ad + bc)
= (ac+bd + ad + bc,ac + bd — ad — bc)
= ((a+b)(c+d),(a-b)(c-d))
— p(a,b)+p(c,d).

(3.23)

On the other hand, C¢; ( is isomorphic to D by the identification 1 < (1,0) and

e — (0,1). Hence,

C€1,0 ZR@R (324)

3.3. The Clifford Algebra C¢,

Let us consider now the quadratic space R”? and an orthonormal basis {e;, e},
it follows that

gle;,er) =gler,e)=—1, gley,er)=g(eye;)=0. (3.25)
An arbitrary element ¢ of C{ , is written as

l,b:a+be1 +C€2+d€1€2 6650}2, (326)
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such that a,b,c,d € R and

(e1)2 = (e2)2 =-1, €je, +ere; = 0, (e1e2)2 =—1.

(3.27)

The Clifford algebra C¢, is isomorphic to the quaternion algebra H through the

identification [7]

lol, egoi, eyo ), eje;ok,

Céy, | H
€1 i
€ j

€1€e) k

where 7, j, k are the quaternion units

jk=-kj=1,
ki =—-ik =],
ij=—ji=k
Therefore,
C€0,2 ZH.

3.4. The Clifford Algebra Cl, , ~C¢, ,

(3.28)

(3.29)

(3.30)

The Clifford algebras associated to the quadratic spaces R*? and R!"! were shown

to be isomorphic in Lemma 2.15. Hence, it suffices to consider just one of those

spaces. For instance, let us consider R>?, it holds for an orthonormal basis {e, e}

that

glej,e;)=gley,er)=1, glej,er)=g(eye)=0.

One may write an arbitrary element i of C{,  as

170 =a+ be1 +cep+ de1e2 S ng’o,

where a,b,c,d € R and

(31)2 = (ez)2 =1, eje;+ee; =0, (e1e2)2 =-1.

47

(3.31)

(3.32)

(3.33)



3.5. CLIFFORD ALGEBRAS CLASSIFICATION

Let M(2,R) be the set of the real 2 x 2 matrices. The generator of such algebra is

the following set
{[1 o)’[1 o]’(o 1]’[0 1]} (330
0 1J{0 -1)J1{1 0)J\-1 O
2 2 2
1 0 10 0 1 0 1 1 0
0 -1 01 10 -1 0 01

Comparing the relations in the Eqs. (3.34) and (3.35), an isomorphism between

Furthermore,

those algebras can be constructed by the identification

Lot o) 1 0 0 1 0 1 %0
g ) > » €H) & ) €16y, & . .
01 o -1 27711 o 27721 o

Hence,

Clyo~Cly 1~ M(2,R), (3.37)

3.5. Clifford Algebras Classification

Once the isomorphisms

(i) C, =C,

(i) Clo~RaR,

(iii) Cly,~H,

(iv) Clyp=~Clyy~M(2R)

(3.38)

has been established, by using the isomorphisms presented in the previous Chapter,
the classification of arbitrary Clifford algebras can proceed. For instance, by using
Eq. (2.54) and the following relation

M(m,R) @ M(n,R) ~ M(mn,R) (3.39)
it follows that

Clpp =& Cly,y =@ M(2,R) = M(27,R). (3.40)
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3.5. CLIFFORD ALGEBRAS CLASSIFICATION

This result together with the relation (iii) in Eq. (3.38) and the Eq. (2.58), allow us
to conclude that

H@H =~ Cgo’z ®C€0’2 = C€1,1 ®C€1,1 = M(ZZ,R) = M(4,R) (341)
By Eq. (2.57) and the relations (iii) and (iv) in Eq. (3.38) we have that

C€0’4 =~ 650’2 ®C€2,0 =~ H®M(2,R) = M(2,H) =~ M(Z, R) QH ~ C€4’0. (342)

Together with those previous results, it follows from Eq. (2.60) that

Cgo'g = 660]4 ®C€0}4 = M(Z,H)@M(Z,H) = M(Z,R) ®H®H®M(2,R)

(3.43)
~ M(2,R)® M(4,R)® M(2,R) ~ M(16,R).

Now, using the above result (3.43) and Eq. (2.61) the following theorem has been

proved.

Theorem 3.5. (Atiyah-Bott-Shapiro Periodicity Theorem). For every quadratic space
RP1 it follows that [5]

Clyqis~Clyy ® M(16,R). (3.44)

The Atiyah-Bott-Shapiro Periodicity Theorem 3.5 has a very important consequence,
it tells us that we only need to explicitly obtain the classification of the Clifford al-
gebras up to dim V = p + g = 8, since for higher dimensions one can use the isomor-
phism C¢, ;.8 ~ C, ; ® M(16,R). By using all the previous results in this Chapter,

we obtain

o p+g=0
Clyo=R

o p+g=1
Cly1 =C
Clho=ReR

o pt+g=2

060’2 ~H
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3.5. CLIFFORD ALGEBRAS CLASSIFICATION

Cly o~ M(2,R)

Cly =Cly =~ M(2,R)

p+tq=3

Cly3~Clyr,®Cl o ~HR(RSR)~HeH
Cl3)=Clyy®Cly; ~ M(2,R)®C ~ M(2,C)
Clyp~=Cl1®Cl; ~M(2,R)®C =~ M(2,C)

Clyy =~Cl1®ClH = M(2,R)@ROR =~ M(2,R®R)
p+q=4

Clys=Cly,®Cl o ~HM(2,R) =~ M(2,H)
Clyo=Cly®Cly, =~ M(2,R)@H ~ M(2,H)
Cly3=Cl1®Cly, =~ M(2,R)@H =~ M(2,H)

Cl3) =Cl1®ClH =~ M(2,R)®@ M(2,R) ~ M(4,R)
Clyr,~Cl1®Cl; =~ M(2,R)®@M(2,R) ~ M(4,R)
p+q=>5

Clos ~ Clyr ®Clsy ~ H®M(2,C) ~ H® C® M(2,R) ~ M(2,C) ® M(2,R) ~
M(4,C)

Cls)=Clyy®Cly3 =~ M(2,R)eHOH ~ M(2, Ho H)

Cl1y~=Cl1®ClHz =~ M(2,R)eHoH ~ M(2,Ho H)

Clyy =~Cl 1 ®Cls 0=~ M(2,R)®@M(2,C) =~ M(4,C)
Cly3~Cl1®Cl,=Cl;19Cl 18Cl 1 ~M(4,R)®C =~ M(4,C)
Cly,=Cl1®Cl; =Cl 1 ®Cl 1 ®Cl ) =M(4R)QR®R =~ M(4,ROR)
p+q==6

C€0,6 >~ C€O,2 ® C€4’0 >~ Cg(),z ® ng,() ® 050’2 ~H® M(Z, R) QH ~ M(Z, H) QH ~
M(2, HeH)
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3.5. CLIFFORD ALGEBRAS CLASSIFICATION

~ M(2,C8y , ®Cly ) = M(2,Cl5 ) =~ M(2, M(4,R)) ~ M(8,R)
Cloo~Clyg®Clyy~Clyy®CLys®Clyo~ M(2,R)@H® M(2,R) ~ M(4,H)
Cl5~Cl 1 ®CLyy~Cl 1 ®CLy,RCl~ M(2,R)@H® M(2,R) ~ M(4,H)
Cls ~Cl 1 ®Clyy~Cly 1 ®Clo®Cl L, ~ M(2,R)® M(2,R)®H ~ M(4,H)
Clyy~Cl 1 ®Cl 3 ~Cl 1 ®Cl 1 ®Cl, ~ M(2,R)® M(2,R) @ H =~ M (4, H)
Clyr =~ Cly 1®Cls 1 = Cly 1®Cl 1®Cly o ~ M(2,R)QM(2,R)@M(2,R) ~ M(8,R)
Cls3s3~Cl 1 ®Cl 1 ®CL | ~ M(2,R)® M(2,R)® M(2,R) ~ M(8,R)

o p+q=7
Clo7~Cly,®Clso~HOM(2,HOH) ~ M(2,(HeH)a (He H))
~ M(2,H®H)® M(2, H® H) ~ M(8,R)® M(8,R) ~ M(8, R®R)
Cly o~ Clyy®Clys~ M(2,R)® M(4,C) ~ M(8,C)
Cly ¢ ~Cl 18Cly s~ M(2,R)® M(4,C) = M(8,C)
Clgq ~Cly 1 ®Cls o~ M(2,R)® M(2, HeH) ~ M(4,He H)
Clys~Cl 1 ®Cl 4~Cl 1 ®Cl 1 ®CLH3z~ M(4,R)@HSH ~ M(4, He H)
Cls,~Cl 1 ®Cly; ~Cl ®CL 1 ®Cl3 0~ M(4,R)® M(2,C) ~ M(8,C)
Cl34~Cly ®CLy; ~Clyy®Cl 1 ®Cl3 o~ M(4,R)®M(2,C) =~ M(8,C)

C€4’3 = 652,0 ®C€3’2 = ng,() ®C€1’1 ®C€1,1 ®C€3’0 = M(S, R)@R@R = M(S,R@R)

Hence the following isomorphisms hold
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3.5. CLIFFORD ALGEBRAS CLASSIFICATION

Clyo~Cly 1 ~ M(2,R)
Clyo~Cly 5~ M(2,C)
Clos~Clyg~Cli 5~ M(2,H)

Cly, ~Clyr ~ M(4,R)

Clso~Cly 4~ M2, HoH)

Clos ~Clyy ~Cly s~ M(4,C)
Cloo~Cls, ~Cly 5 ~Cly s~ M(4,H)
Clyo~Cly g ~Cls,~Cly g~ M(8,C)
Clys ~Clys ~ M(8,ROR)

Clg1 ~Cly s~ M(4,HaH)

Suppose that p > g and take p —g = 8k + r with r < 8. One can use the relations
shown in the Theorem 2.14 and Eq. (2.56) to obtain:

Clpy=Clyy®Cly g0

= ng,q ® C€8k+r,0 (3.45)

~Cly 5 ®CLB(k-1)+r+6)+2,0
~Cl,®Cl o ®CLYg(k-1)+r+6-

Recalling the Eq. (2.61), a similar relation can be obtained as consequence of Corol-
lary 2.16, that is

Cgp,q+8k’ = Cg()’gkf ®C€p,q (346)
for any k’ > 0, therefore, we have
Clo,g(k—1)+r+6 = Clog(k-1)®Cly r16- (3.47)

We also have that

C€O,r+6 = C€0,2 ®C€2,0 ®C€0,2 ® Cgr,O

(3.48)
=~ 652’2 ®C€2’0 ®C€r,0

Hence,
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3.5. CLIFFORD ALGEBRAS CLASSIFICATION

Cly g~ Cly ®Clo o ®CLy s(k-1)1r+6
~ Cly 3 ®Cly o ®CLygk-1)®Clar ®Cly ®CL,
~ M(29,R)® M(2,R)® M(165"1, R) ® M(4,R) @ M(2,R)®C¥, (3.49)
~ M(29,R)® M(2,R) @ M(2*1) Ry @ M(22, R) @ M(2,R)®Cl,
~ M2 R)®CE,

Now, if g > p and by considering q —p = 8k +r, it yields [7]

Cgp’q jad Cgp’p ®C€O,q—p jad Cgp’p ®C€O,8k+r = Cgp,p ®C€0’8kC€OJ

(3.50)
~ M(2P,R) @ M(2*,R)®Cly,, ~ M(2PH* R) @ Cly,

Therefore, the Clifford algebra is determined by r = p —g mod 8. One may analyse

the possibilities as follows.

e r=0

op>q (p—q mod8=0):
Clyy = M2THR)®CLy o = M(27H,R)
o p<qg(p—q mod8=0):
Clyy = M(2PHER)®CLy o = M(2PHHK R)
o r=1
o p>q (p—q mod8=1):

ct

g = MR ®CL

~ _/\/l(251+4k, R) ® (R@R) ~ M(2q+4k,R) @M(2q+4k,R)
o p<qg(q-p mod8=1=p-g mod8=7):
Cly =~ MEPH*R) @ Cly =~ M(2PT4K, R) @ C =~ M(2PH4,C)

In the above cases, g+4k = [Q’HTSIHT] = [’#] = [%], where [s] denotes the integer

part of s.

e r=2
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3.5. CLIFFORD ALGEBRAS CLASSIFICATION
o p>q (p—q mod8=2):

Cgp’q =~ M(2q+4k,R)®C€2’O ~ M(2q+4k, R)@M(Z’ R) ~ M(2q+4k+l,R)

©op<qg(p-qg mod8=6):
Cgp’q 2M(2p+4k;R)®C€0’2 ZM(2p+4k;R)®H2M(2p+4k’H)
e r=3
op>q (p—q mod8=23):

Cgp’q ~ M(2q+4k,R)®C€3!O jad M(2q+4k’ R)@M(Z’ (C) ~ M(2q+4k+1,(c)

o p<q(p—q mod8=5):
Clyy = M(2PHER)®CLy 5
~ M(2P¥ R) @ (He H) ~ M(2P4F H) @ M(2P+* H)
In the cases where r = 2,3, if p > g then g+ 4k +1 = [qurTSkH] = [%] and if p < g,

p+ak =[5 1 = [4]-1.

e r=4

o p>q (p—gq mod8=4):

Clyq =~ M(2q+4k,R)®C€4’O ~ M(2q+4k,R)®M(2,H) ~ M(2q+4k+1,H)

o p<q(p—q mod8=4):

Cly =~ M(2P+4k,R)®C€0’4 ~ M(2P+4k, R)® M(2,H) ~ M(2p+4k+1,H)

e r=5

o p>q (p—gq mod8=5):

ct

g = M R)@Cls o = M(297% R) @ M(2,R) ® (He H)

~ M2 R) @ (M(2, H) & M(2, H))
~ M7 ) @ M(29745 ).

54



3.5. CLIFFORD ALGEBRAS CLASSIFICATION
o p<q (p—q mod8=3):

Cgp’q ~ M(2p+4k, R)@Cgo’s ~ M(2p+4k,R)®M(4’ (C) ~ M(2p+4k+2, C)

In the cases where r =4,5,if p>qorr =4 then g+4k+1 :[%]—1. Ifp<gandr=35,
thenp+4k+2:[%].

e r=6

op>q (p—q mod8=6):

Clyq = M2, R) 8 Cle g ~ M(21"H, R) @ M(4,H) = M(277+2, H)

o p<q (p—gq mod8=2):
Cl,, =~ M(2P+4k, R)®Cly ~ M(2p+4k,R)®M(8, R) ~ M(2p+4k+3,(C)
e r=7
op>q (p—q mod8=7):

Cgp,q o~ M(2q+4k,R)®C€7’O o M(2q+4k1 R)® M(8,C) =~ M(2q+4k+3,C)

o p<q(p—-q mod8=1):

Cly, = M(2PHER)®CLy 7 =~ M(2PH, R) @ M(8, R®R)
~ M(2P** R)® M(8,R)® (R R)
~ M(2p+4k+3,R)@M(2p+4k+3,R)

In the cases where r = 6,7, if p < g, therefore p + 4k + 3 = [%], and if p>gand r =6,
hence g+ 4k +2= [%]—1.
Right, one can organise the algebras of dimension n < 8 according to p — g,

obtaining
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3.5.

0: Clyy,
1: Cly),
2 Cly,
2 Cls),
0 Clyy,
2 Cls,
0 Clgo,
2 Cly,

Il
N ok N

P—q
P—q
P—q
P—q
P—1q
P—q
P—q
P—q

CLIFFORD ALGEBRAS CLASSIFICATION

Cly1, Clyy, Cls3 M(2[%],]R)

Clr, Cls, Clys, Clyy  M2UELR) @ M(2L3]R)
Cls,1, Clyy, Clog M(2[%],R)

Cly1, Clss, Clys, Clig  M(2[3]C)

Clsy, Clog, Clys M5 m)

Cls1, Clys, Clyy Clys M(z[% _1,]1-11)69/\/1(2[%]—1 H)
Cloo, Clys, Clry M5 m)

Clo1, Clia Clys, Cliy  M(2[3]C)

Therefore, we classify the real Clifford algebras over R as

p—q mod 8 Cly g

0 M2l R

1 M2l Ryo m2l3] R)
2 M2l2] Rr)

3 m2lzl o)

4 M2l m)

5 @31 e m231-, 1)
6 m2lz1-t

7 m(2!z] )

Table 3.1.: Real Clifford Algebras Classification

Example 3.6 > Real Clifford algebras classification table usage.

Let us illustrate the usage of the classification table. Consider the Clifford algebra

Cl5, where p—q =

morphic to M(Z[%],(C). Since n =p+g =3 and [%] = [%] =1, we can conclude that
Cl3,9 =~ M(2!,C) = M(2,C). Consider now the algebra C¢ ,. In this case p—g = -2 = 6
mod 8 and the corresponding algebra is M(Z[%]_I,H). Since n = p+g = 2 and
[%] = [%] = 1 it follows that C{; , ~ M(2!71,H) = M(1,H) = H as already seen previ-

3, by looking at the above table it can be seen that it is iso-
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3.5. CLIFFORD ALGEBRAS CLASSIFICATION

ously. <«

With respect to the complex case the classification can be obtained by the re-
lation C¢(V,gc) = C®CE(V, g) shown in Theorem 2.13. We denote C®C{(V, g) as
Clc(n). It follows that 7]

p—-qg=0: CoM(2",R) =~ M(2",C)

p—-g=1: CoM(2",R)d M(2",R) =~ M(2",C)® M(2",C)
p—-qg=2: CoM(2",R) =~ M(2",C)

p—qg=3: Ce®M(2",C)=M((2",C)®M(2",C)

p—q=4: CoM(Q2" !, H)~M(2",C)

p—qg=5: COMQ2"H)ye M(2" !, H)~ M(2",C)® M(2",C)
p—q=6: CeM(2" !, H)~M(2",C)

p—-q=7: CoM(2",C)=M(2",C)e M(2",C)

As we have seen, the complex Clifford algebra C{:(n) depends only on the parity of
n = p+q. Hence, the complex Clifford algebra classification is given by the following
table

n even Clc(2k) =~ M(2K,C)

nodd | Clc(2k+1)~ M(2K,C)® M(2%,C)

Table 3.2.: Complex Clifford Algebras Classification
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CONCLUSION

The definition of the Clifford algebras was introduced together with their construc-
tion as a quotient of the tensor algebra by a two-sided ideal. The main theorems
of its structure have been analysed and the implementation of the Clifford algebra
classification based on representation theory was done successfully achieving the
main objective of this work.

58



(8]
[9]

BIBLIOGRAPHY

Dirac, P. A. M. The Quantum Theory of the Electron. Proc. Roy. Soc., A117, 610, 1928.

Kostrikin, A.I., Manin, Yu.l.: Linear algebra and geometry, Gordon and Breach, New York London
1989.

Lages Lima, E. Calculo Tensorial. Rio de Janeiro, Instituto de Matematica Pura e Aplicada do
Conselho Nacional de Pesquisas, 1965.

Lounesto, P. Clifford Algebra and Spinors. 2nd ed. Cambridge University Press, Cambridge, 2001.
M. Atiyah, R. Bott, A. Shapiro, Clifford modules, Topology 3, 3-38, 1964.

Rocha Jr, R and Vaz Jr, J. Algebras de Clifford e Espinores. Editora Livraria da Fisica, Sao Paulo,
2012.

Rocha Jr, R and Vaz Jr, J. An Introduction to Clifford Algebras and Spinors. Oxford Univ. Press,
Oxford 2016.

Rocha Jr, R. Algebra Linear e Multilinear. Editora Livraria da Fisica, Sao Paulo, 2017.

Roman, S. Advanced Linear Algebra. Springer. 2008.

59



A MULTILINEAR ALGEBRA

The basis of Clifford algebra is the multilinear algebra. This Appendix A con-
tains a summary of certain topics in multilinear algebra that are required for the
sequel. We briefly introduce some concepts on multilinear algebra, set up nota-
tion and terminology about multilinear mappings and quadratics spaces. Our aim
here is to establish the fundamental structures for a Clifford algebra to be defined,
namely: quadratic spaces, inner product, musical isomorphism. In the next Ap-
pendix B, we proceed with the study of the tensor algebra, we review some of the
standard definitions of the tensor product, give a formal construction of the tensor
product spaces and then we finish presenting the tensor algebra that is important
to construc a Clifford algebra. Finally, in the Appendix C, taking into account the
concepts developed previously, we will be concerned with the exterior algebra and
its properties which is very important to the Clifford algebra , since it carries the

multivector structure of the exterior algebra.

CLIFFORD
ALGEBRA

EXTERIOR ALGEBRA

TENSOR ALGEBRA

MULTILINEAR ALGEBRA

Definition A.1. Let V,V5,..., V, and W be a finite family of vector spaces over the same
field K. The mapping

p:VixVyx--xV, > W (A.1)
is called a multilinear mapping (in this case p-linear) if it is linear in each argument,

when the others are fixed, which means that given arbitrary A € K, vl,v’1 eV, v?_,v’2 €
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VooV, vy, €V, then

(1) @V, Vipeo Vo) + @(Vi, e, Vi V) = @V, Vi + VL, V),

N (A.2)
(ii) Ap(vi, Vo, Vi, V) = @V, Vo, AV, V)

fori=1,..,p. When p =1 the mapping is said to be linear and when p = 2, bilinear.

We denote the vector space of such multilinear mappings by L(V1, V5,..., V,; W). In
our work, it is necessary to consider a symmetric bilinear mapping and its quadratic
form. A bilinear mapping g: V x V — K is said to be symmetric if for all vi,v, € V

the property g(vy,v,) = g(v,,vy) holds. A bilinear form is said to be non-degenerate
if

g(vy,vy) =0 for all v, € V implies v; = 0 and (A.3)
g(vy,vy) =0 for all vi € V implies v, = 0. '

Definition A.2. Let V a vector space over the field K. A quadratic form Q on the space
V is a mapping Q : V — K for which there exists a bilinear form g : V xV — K such that
forallveV

Q(v) =g(v,v). (A.4)

If the characteristic of the field K is different of 2, then for any quadratic form Q
there exists a unique symmetric bilinear form g with the property Q(v) = g(v,v),
called the polarisation of Q [2]. In terms of its quadratic form Q: V — K the bilinear

form g can be expressed as
1
g(v,w) = Z(Q(v+w) - Q(v) - Q(w)). (A.5)

for every v,w € V. A vector space V equipped with a symmetric bilinear mapping
g:V xV — Kis said to be a quadratic space which is the main structure on which

we define a Clifford algebra.

Example 1.3 > Inner product.

In a vector space V an inner product (, ): VxV — Kis a positive definite symmetric
bilinear form, which means that, for every v € V, (v,v) > 0, whereas the equality

holds if and only if v = 0. The standard inner product in R” for v = (vy,...,v,) and
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w = (wy,...,w,) € R" is given by

n

(v,w) = Zviwi. < (A.6)

i=1

Example 1.4 > Signature of a general bilinear form

Let V a vector space over R with basis {e,...,e,}. For 0 <p <0and 0 <r <0 and
Ay Uy Opirst,-- -, &y € R] some bilinear form f can be defined more generally as

p ptq n
f(v,w):—Zaiviw,'+ Z a;v;w; + Z 0v,w;. (A.7)
i=1 i=p+1 i=p+gq+1

For v = (vy,...,v,), W = (wy,...,w,) € V. If r =n—(p+gq) # 0 the bilinear form is
degenerate, the signature of the bilinear form is the numbers (p,q,7). In the non-

degenerate case (r = 0) the signature of the bilinear form is (p,q). <

A.l. Musical Isomorphisms

Let V be a vector space and let us consider its dual space denoted by V*. There
does not exist a natural isomorphism between those spaces like there exists for V
and its bidual space (V*)* [7]. An additional structure is required to define the
isomorphism V =~ V* called correlation. In other words, an isomorphism between V
and V* must to be chosen. One can introduce the correlation as the linear mapping

T : V — V* that naturally defines a bilinear functional B: VxV — R by the equation

B(v,u) =1(v)(u), foralluvelV. (A.8)

Since dim V = dim V¥, if T is non-degenerated, i.e., ker T = {0}, it follows that 7 is an
isomorphism. In the case of quadratic spaces, we denote the correlations 7: V — V*
and t7': V* - V by

b: V-V, §: VSV (A.9)

in such way b = §7! and # = b™!. Such isomorphisms are called musical isomor-

phisms with respect to g. Alternatively, it is also used the expression

v, =b(v), af=#H(a) (A.10)

Hence by definition it follows that
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vo(u) = g(v,u), glah,v)=a(v). (A.11)

The musical isomorphism is important to characterise the Clifford product on Clif-

ford algebras.
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B TENSOR ALGEBRA

The theory of tensor algebra is fundamental to our work, through tensor algebra
we are able to construct the exterior algebra and the Clifford algebra. In addition,
the tensor product of spaces is considered oftentimes in theorems concerning the
Clifford algebra structure. Hence, this appendix is devoted to establishing some
notations, concepts and results about the tensor product together with some moti-

vations and a discussion about it.

B.1. Tensor Product

The tensor product is defined in the reference [8] as follows

Definition B.1. Let U and V vector spaces over the same field K. The tensor product
between U and V is a vector space T with a bilinear mapping

R:UxV ->T
(B.1)
(w,v)— (u®v)

satisfying the following condition: if {eq,...,e,,} and {f,...,f,} are basis for U and V
respectively, then e; ®f]~, 1<i<m,1<j<mnisabasis for T.

Such condition in Definition B.1 does not depend on the choice of basis for U and

V and can be expressed in the form of table as

® | f £, - f,

(3] e1®f1 €1®f2 €1®fn
() e2®f1 82®f2 e2®fn
e, | e,®f e,f, --- e,®f,

Therefore, dim U® V = dim U dim V. The consequence about this fact is that not
every tensor x € U ® V has the form of a pure tensor x = u®v for some u € U and

v € V, nevertheless, since the dimension of U ® V is the product of the dimensions
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B.1. TENSOR PRODUCT

of U and V not the sum of them, it follows that one general element from UQ® V is
not a pure tensor, but rather a finite linear combination of pure tensors. In this way,
the vector space U ® V is the vector space of linear combinations of elements u®v,

u € U and v € V satisfying
(U +uy))®Vv=u;v+u,®V,
u®(Vvi+vy)=u®v; +u®v,, (B.2)

(Au)@v=u®(Av)=A(u®vV),

for A eK, u,uj,u, € U, v,v,v, € V, since ® is a bilinear mapping. Right, it is easier
to understand the motivation about the tensor product once it has been defined, so
now we are in a position to present a motivation behind the tensor product through

multilinear mappings and another definition that follows from it.

With respect to linear mappings we know that the composition of two linear map-
pings is a linear mapping, however, it is not true that the composition of two mul-
tilinear mappings is still a multilinear mapping. For instance, let us consider the

following two multilinear mappings
fIV1XV2—>W1XW2XW3,
g:WixWyx W3 - U.

(B.3)

We have that f is bilinear and g is trilinear, but what about the composition go f?

VixVy — Wy x Wyx Wy —5 U

gof

Let us investigate what happens with respect to that composition, writing f as

fvi,v2) = (fi(vi,v2), f2(vi,v2), f3(V1, v2)) (B.4)

for vi € Vi,v, € V, we have that since f is bilinear, so is its components fi, f>, f>.

Now, inspecting g o f(Avy,v;) for A € K we have that
go f(Avy,va) = g(f(Avy,v3))
= g(f1(Avy, V), f2(Av1, v2), f3(AVy, V)
= 8((Af1(v1,v2), A fo(v1,v2), Af3(v1,v2)) (B.5)
= /\3g(f1 (V1,v2), f2(vV1,V2), f3(V1,V2))
= A’go f(vy,vy).
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Therefore, linearity or multilinearity does not hold for g o f. For that reason, we
conclude that the multilinearity is not a well-behaved condition, which motivates
us to construct a new vector space, starting from the spaces that we are already
considering, with the property that for every multilinear mapping on these product

spaces there exists a unique linear mapping on this new vector space.

Definition B.2. Given two vector spaces U and V, the tensor product between these
spaces is a new vector space U ® V and a bilinear mapping ® : U x V — U ® V such that
for any other bilinear mapping f : U x V. — W, where W is a vector space, there exists a

unique linear mapping f : U®V — W such that f = f o ®.

The aim of the Definition B.2 is that the new vector space U ® V linearises the bi-
linear mappings out of U x V and owns the information of the original spaces as
well. In addition, the Definition B.2 establish L(U ® V, W) ~ L(U, V; W) such that
(]_‘: UV > W)= (f:UxV — W). If {ey,...,e,,} and {fy,...,f,} are basis for U and
V respectively, then the linear mapping f is given by [8]

fle;®f)) = f(e;,f}). (B.6)

Furthermore, the condition shown in the Definition B.2 is called universality, such

property is quite common in algebra

Example 2.3 > Homomorphism theorem

Let V a vector space, L C V vector subspace over K and 7 : V — V/L the quotient
mapping then for any linear mapping ¢ : V. — W satisfying L C kerg there exists a
unique linear mapping ¢ : V/L — W such that p ot = ¢ [9]

Vv—" s V/L

|
| —
1P
|
4
W

i.e., the above diagram commutes. <«
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The universality of the tensor product has several benefits, the universality

guarantees the uniqueness of the tensor product, in situations when we desire to

prove certain isomorphism between spaces, the universality property provides us

one starting point: the existence of a morphism.

Proposition B.4. If the tensor products exists, it is unique up to a isomorphism.

Proof. Let U,V vector spaces and suppose there are two vector spaces U ®; V and
U®, V correspondingto®; : UxV - U®; Vand ®,: UxV — U®, V, respectively,
satisfying the conditions of the Definition B.2. Hence, by the universal property

there exists a unique linear mapping ®, : U ®; V — U ®, V such that the following

diagram commutes

UxV —2 s Ue, V
l

| ——

®> :2

|

U®,V

By the same argument, there exists a unique linear mapping ® : U®, V > U ®;, V

such that the following diagram commutes

UxV L} U,V
:
[
®1 :1
\|/

U,V

Define

flzao@:U®1V—>U®1V
fZZQO@:U®2V—)U®2V

Then we have the following commutative diagrams

UxV —2 s Ue V UxV —2 s U,V
: :
® ifl 2, if:z
~ ~
UV U®,V
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Conversely, the identity mappingsid; : U®, V> U®V,id,: U®,V - U®, V also
make the respective diagrams commute. By uniqueness, f| = id; and f, = id,, i.e.,
®, and ®, are inverses of each other. Therefore we conclude that U®, V ~U ®, V
as desired. [

Proposition B.5. The following isomorphisms between tensor products of vector spaces
hold [2,3,6,8,9]:

(i) UV =VaU,

(ii) UR(VOW)=(UV)®W,
(iii) Vex K=V,

(iv) U@V ~L(U,V),

(v) U@V~ (U V).

The tensor product is not commutative although the above item (i) establishes that
there is an isomorphism between these spaces. The item (ii) ensures that we can
take the tensor product of an arbitrary number of vector spaces consistently. The
item (iv) and (v) holds only for finite dimensions and it is worth to pointing out
that for the item (iv), given a € U* and v € V one can define the following linear
mapping [8]
R:U'xV — L(U,V)
(a,v)> (a®Vv): U >V (B.8)

u > (a®v)(u):= a(u)v.

We can also generalise the Definition B.2 for p € Z vector spaces over the same field
K.

Definition B.6. Let Vi,...,V, be K-vector spaces. The tensor product (over K) for
Vi,...,V, is the 2-uple (®,T) formed by a vector space T and a p-linear mapping ® :
Vi x---x V, = T such that for any other p-linear mapping f : Vi x---x V, > W, where
W is a vector space, there exists a unique linear mapping f : T — W such that f = f o®

i.e., the following diagram commutes

VlX"'XVp L} T
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The next goal is to prove the existence of the tensor product, some important def-
initions must be stated first. Let 7 = {V; | i € I} be any family of vector spaces over
K [9]:

Definition B.7. The direct product of F is the vector space
]_[Vi={f:HUW|f<i>evi} (B.9)
iel iel

thought of as a subspace of the vector space of all functions from I to | V;.

Definition B.8. The support of a function f : I — | V; is the set
supp(f) = {i € I| f(i) = 0}. (B.10)

Thus, a function f has finite support if f(i) = 0 for all but finitely many index i € I.
Definition B.9. The external direct sum of the family F is the vector space
ext
@w:{f:HUVilsuppm@o} (B.11)
iel iel

thought of as a subspace of the vector space of all functions from I to |J V;.

The following result is fundamental to our goal.

Lemma B.10. Given a set X there exists a K-vector space F(X) such that dim F(X) = |X|,

i.e., there is a bijective function between X and any basis of F(X).

Proof. Consider F(X) as

ext

F(X)= DK =1{f : X > K|supp(f) < oo}. (B.12)
xeX
In this way, given f € F(X) we can write f in a unique way as f =}, .x f(x)0, such
that 0, : X — K is defined by
lg, if x =1y,

0x(y) = _ (B.13)
Ok, if x = p.

Since supp(9y) < o0, 9, € F(X). Also, f =) ,ex f(x)0, < oo since f(x) = 0 for all but
finite x € X. Therefore, {0, | x € X} is a basis for F(X) and one can identify X and
{0, | x € X} through the bijection x — 0., which gives the desired result. [J
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Theorem B.11. (Existence of the Tensor Product) For any family Vy,..., V, of K-vector
spaces there exists the tensor product (®, V).

Proof. Consider the set V; x --- x V,,, according to the previous Lemma B.10, there
is a K-vector space F = F(V; x---x V) such that ¢ : V; x---x V,, - B is a bijection
and B is some basis for F since dim F = |V} x---x V,,|. Now, let us consider a vector

subspace U of F generated by elements of the form

(i) @(vy,...,v; +u1-,...,vp)—(p(vl,...,vl-,...,vp)—(p(vl,...,uz-,...,vp).

N (B.14)
(ii) PV AV V) = APV, Vi, V).

Right, let ® : V; x---xV, > F/U =V given by ® = woto@ s.t w: F — F/U is the
quotient mapping and 1 : B <= F is the inclusion.
®

/////’*\\\\\y

Vix-xV, ——= Bty F Ty F/U=V

We claim that ® is p-linear. Indeed, because of the item (i) written in the expression
(B.14), it follows that
®((Vi,.., Vit ..., v,) = (oo @)(Vy,..., Vi +1j,...,V,)
=1(@(Vy,...,vi+tu;,...,v
((P( 1 i i p)) (B.15)
=[p(vi,...,vi+u;,...,v,)]

= [(p(vl,...,vi,...,vp)]+ [(p(vl,...,ui,...,vp)].
Continuing in this way,

®(Vy,...,V; +u1-,...,vp) = [(p(vl,...,vi,...,vp)] + [q)(vl,...,ui,...,vp)]
=1(Q(Vi,e Vi, V) + T Q(Ve, .. 0,0, V)
=(moto@)(vy,...,Vj,...,Vp)) + (oo @)(vy,...,uj,...,V,))
= ®(V1,...,V1~,...,Vp))+®(V1,...,ui,...,Vp)).
(B.16)

Analogously, by the item (ii) written in the Eq. (B.14) it also holds that for A e K

BV, s AV, V) = A® (VYo Vi, V). (B.17)

Which proves the p-linearity of ® We claim that universality holds for (®, V). In-
deed, let W be an arbitrary vector space over K and ¢ : V| x--- x V, an arbitrary
p-linear mapping.
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Vix-xV, —— B~ s F "4 F/U=V

Since ¢ is a bijection one can consider ¢~!. In addition, since 3 is a basis for F and
po@t:B— W isamapping defined by basis, ) o ¢! can be extended uniquely to
a linear mapping WV, : F — W such that W, o1 = 1 o ¢!, therefore, ) =W 010 ¢

®
Vix-xV, —— B3 F "4 F/U=V
W /////
l/} ///
o

It is of our interest to investigate how ; acts on the vector space U C F. We claim
that U C ker\;. It is sufficient to ascertain W, (x) for x as a generator of U written in

the Eq. (B.14). For instance, let the generator x € U be as the item (ii)

X = (p(vl,...,/\vi,...,vp)—/\(p(vl,...,vi,...,vp). (B.18)

Therefore by the linearity of W, and the p-linearity of 1, we have

\Ifl(x):\Ifl((p(vl,...,/lvi,...,vp)—/\(p(vl,...,vi,...,vp))
=W (p(vi,..., AV, vy, )—/\\Ifl((p(vl,...,vi,...,vp))
=W (to@(vy,.. ., AV, V) = AW (Lo @(Vy, ..., V.., V) (B.19)
=PV, AV V) - )\1/1(V1, o Viye V)
= AP(Vy,. Ve, V) = AP(VY,L v, v,)) = 0.

Analogously, for x € U as the item (i) in the Eq. (B.14) we have that W;(x) = 0.
Hence, by concluding that for any generator x of U, W(x) = 0, we have that U C
ker(f). By the Example B.3, it follows that there exists a unique linear mapping
WY, : F/U — W such that Y, ot =\
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®
Vix-xV, ——% B ety F 5 F/U=V
\I’] ////// ’//”’//
v //:,/,/’/:112
w
Therefore, we have that
Yo =Yo(rtoio@p)=(VYom)otop=Woiop=1 (B.20)

Right, we claim that W, is unique. Indeed, suppose that the diagram commutes with
respect to another linear mapping f : F/U - W

Vix-xV, — F/U=V

By Eq. (B.20), we have that
foo=9p=%08 (B.21)

Which means that f and ¥, coincides on the elements of the form

®RMVvVi,..., V...,V )=TC0LOQ(V],..., V...,V
( 1 i p) 90( 1 1 p) (B.22)

= [@(Vl,...,Vi,...,Vp)]-

We have that [¢(vy,...,v;,...,v,)] is the equivalent class of the basis elements of F,
namely, the generator set of F/U. Hence, f and W, coincides on entire space F/U
and the uniqueness holds. We conclude that (®, V') with V = F/U, is the tensor prod-
uct of for Vy,..., V, by the Definition B.6. [

It is worth to mention that one can also write the tensor product (®, V) of Vy,...,V,
as V1®---®V,. It follows that L(V,..., V,; W) = L(V®---®V,,, W) by the universality.
Furthermore, if the vector spaces are all equal V; = V we denote the tensor product
as [8]

q factors
q
T,(V)=V®---@V =V® (B.23)
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Analogously, the tensor product of p dual spaces V* is written as

p factors
—_——

TP(V)= V'@ @V = (V) (B.24)

In addition,

TP (V)= (V¥ e v

, , (B.25)
T,P(V)=VE ®(V")®

We adopt the convention that T;(V) refers to the space TP (V). A basis for the
vector space T; (V) is given by the set of tensor products [7]

e ®e®--@el?®e, ®e,,® Q¢ }, (B.26)

An arbitrary element T € qu(V) can be written as

1 Vz...vq

T =T,y ®e?®---0e7®e, ®e,,®--Qe,, (B.27)
such that
Vlvz...v
Tm#z'"#z = T(em,em,...,eyp,evl,e”z,...,e”q). (B.28)

The multilinear functionals T € qu (V) are called tensors of type (p,q). The quan-
tities T,ZIJ;;Z are the components of the tensor T in the given basis. The tensors
of type (p,0) are called covariant tensors as well as tensors of type (0,q) are called

contravariant tensors.

Example 2.12 > Type of tensors.

We assume that tensors of type (0,0) are scalars, tensors of type (0, 1) are vectors and
tensors of type (1,0) are covectors, in other words, T)(V) =K, T)(V) =V, T)(V) =
V* and more generally [8]

(B.29)

In particular tensors of type (0,2) are bilinear mappings and tensors of type (1,1)

are linear mappings. <
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B.2. Tensor Algebra

We are now in a position to introduce the tensor algebra. Given two tensors T
and S of type (p,q) we define their sum as the tensors T + S of type (p,q) in terms of
their components by [7]

1/11/2'"1/q _ V]Vz"'Vq V]VQ"'Vq
(T + )iy pia--py = Ty paepty + Spiypa-opiy- (B.30)

If T is a tensor of type (p,q) and S is a tensor of type (7,s), the tensor product T®$,
which is a tensor of type (p + 1,9 + ), is defined in terms of their components as

Vlvz...vqplpz...ps _ V1V2"'Vq PlPZ"'Ps
(T ®S) 1 yiampisroncy = T st Sorbrt: (B.31)

The product ® is distributive with respect to sum and is associative but is not com-

mutative.

Definition B.13. The direct sum of all vector spaces Tf(V) endowed with the operations
of sum and the tensor product is called the tensor algebra associated to the vector space
14

The tensor algebra is a graded algebra. In the general case, the grading is given
by G = Z x Z and it is positive. Two cases are particularly important: the algebra
of covariant and contravariant tensors. The algebra of the covariant tensors, of type
(p,0), is denoted by

T*(V) = é TP(V) (B.32)
p=0
whereas .
T(V)= @TP(V) (B.33)
p=0

is the covariant tensor algebra of (0, g) tensors.
The tensor algebra is fundamental because many other algebras arise as quotient

algebras of T(V). For instance, the exterior algebra and the Clifford algebra are in-

troduced in this work as a quotient of tensor algebra.
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C EXTERIOR ALGEBRA

In the study of alternating multilinear mappings and their ramifications, exterior
algebra stands out. Introduced by Hermann Grassmann in 1844, from a geometric
point of view, exterior algebra is an algebraic construction of multidimensional vec-
tors in which they have the meaning of points, oriented line segment, oriented plane
fragment, oriented volume fragment, and so on. This algebra has a great richness
in its structure and its importance lies not only in its applications in the construc-
tion of physical theories, algebraic topology, differential forms but also in algebra,
whose consequences will be explored since the exterior algebra provides the multi-
vector structure for Clifford algebra and it is a Clifford algebra itself. Therefore in
this appendix, we will introduce the general concepts about exterior algebra. The
starting point will be the alternator operator and from such operator, we will define
the exterior algebra elements, the underlying vector space, the exterior product, and

some properties, operations, that it is used in this entire work.

C.1. Permutations and the Alternator

Let {1,2,...,p} be a set of p elements. A permutation is a bijective function

o0:{1,2,...,p} = {1,2,...,p} represented by the cycle

(C.1)
o(l) o(2) - o(p)

A permutation ¢ such that o(k) =k for all k #i,k # j and o(i) = j,0(j) = i, is called
a transposition and can be denoted by (ij). A permutation of n elements is said to
be even or odd if the permutation can be written respectively as an even or an odd
number of transpositions. Therefore the sign (o) of a permutation o is defined to
be ¢(0) = +1 if the permutation is even and (o) = —1 if the permutation is odd. The
composition of two permutations is also a permutation and the set of all permuta-

tions form a group, namely, symmetric group S, and it has p! elements.
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Right, let X1 ® X, ®---® X, be either a contravariant or covariant tensor such that
where X denotes respectively either a vector or a covector, and the indexes enumer-

ate such elements. We define the operator alternator denoted by Alt as follows

1
Al(X; ®X,® - ®X,) = o Z £(0)X (1) ® Xo(2) @ ® X ) (C.2)

aeSp

The operator Alt is a projection operator (Alt> = Alt). The alternator is the starting

point in the construction of the exterior algebra.

Example 3.1 > S;

Let us consider the symmetric group S3 given by the permutations of 3 elements.

Those permutations are represented by

1 2 3 1 2 3 123
(1 5 3]H(n(z)( ) [2 ; 1]e<12><13>, (3 : 2)9(1&(12),
2 3 1 2 3 1 2 3 (€3)
1
(3 5 1]<—>(13)(2), [2 . 3]9(12)(3), (1 3 2)<—>(23)(1)-

Therefore we can see that the elements in the first row of the above equation are
all even permutations whereas the ones in the second row are all odd. For either a

covariant or contravariant tensor X; ® X, ® X3 the alternator is given by

1
Alt(Xl ®X2®X3) = E(Xl ®X2®X3 +X2®X3 ®X1 +X3 ®X1 ®X2 (C 4)

—X3 ®X2®X1 —X2 ®X1 ®X3—X1 ®X3 ®X2) <

Another way to represent the action of the alternation is when a covariant tensor
is taken into account. Those objects are multilinear functionals acting on vectors.

Without loss of generality, let ¢ ® 2, ® ---® ap be a covariant tensor, it reads:
A®a® - ®ap(Vy,Vy,...,Vp) = a1(V]) ®ay(v2) ® - ®a,(v,). (C.5)

The action of Alt on a contravariant tensor is defined by

ay(vy) ap(vy) - al(vp)
Alt(al®a2®..-®ap)(v1,v2,...,vp):l%aZ(Vl) “2(:”) ) e
ap(vl) ap(VZ) ap(vp)
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Such that at the right-hand side of the above equation there is the determinant of
the associated matrix. This result follows from the definition of the determinant,
we have that if A is the matrix of order p with entries A;; then the determinant det

A is given by

detA= ) &(0)A1o(1)A20(2) " Apa(p) (C.7)

aeSp

C.2. p-vectors and p-covectors

Once the alternator has been presented, we are now in a position to introduce

some elements that can be constructed from it.

Definition C.2. A p-vector is an alternating contravariant tensor of order p denoted by
A[p)- A p-covector is an alternating covariant tensor of order p denoted by WPl The
p-vector and the p-covector are characterised by

App) = Alt(Apy),

(C.8)
wlr] = Alt(\P[p]).

Let V be a real vector space, the space of p-vectors and p-covectors are denoted
respectively by /\p(V) and AP(V) in such way that

/\(V): /\(V):R, /\(V): v, /\(V): v (C.9)

0 1

Both 0-vectors and 0-covectors are scalars, 1-vector is a synonym of vector, as well as
1-covector is a synonym of covector. It is also common to call a 2-vector a bivector,
3-vector a trivector, and so on. The important point to note here is the same once
one construction involving p-vectors is accomplished, the same reasoning applies
to the construction concerning p-covectors. Thus, just the case involving p-vectors
shall be considered subsequently. Our next concern will be to introduce a product

between those elements.

C.3. Exterior Product

Let Aj,) be a p-vector and By, be a g-vector, the result of A, ®B,) is a contravari-
ant tensor of order p + g however it is not alternating. Meanwhile, Alt(A,;® B|,)) is
an alternating contravariant tensor of order p + g, namely, a (p + q)-vector. That

motivates the following definition.
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Definition C.3. Let V be a vector space, A, € /\p(V) a p-vector and B, € /\q(V) a
q-vector. The exterior product A: )\ ,(V) x /\q(V) — /\p+q(V) is defined as

Alp] A Bjg) = Alt(A[,) ® Bly))- (C.10)

Since the tensor product is associative and bilinear, the exterior product inherits
the associativity and bilinearity [7]. That is: for A, € A,(V), By € A\y(V),Cpy €
Ar(V),aA 1€ No(V) it holds

i) (App) A Big)) A Cpyp = App) A (Big) A Cpy)s
[

ii) Ajp) A (Big) + Cr)) = App) A Blg) + A A s

(

(

(iii) a /\A[p] = aA[p],

(iv) Ap) A Bjg) = (-1)P4Bjg A App)

In order to derive the item (iv), it is of our interest to study the case involving the

exterior product between two vectors. It follows from Definition C.3 that
1
v/\u:E(v®u—u®v) (C.11)

which gives
VAU=-uAv, (C.12)

that is, the exterior product is anti-commutative. In particular v Av = 0. For the

general case, a p-vector A[,) and a g-vector B|,) can be written in the form

Ap)=Vi A AVy,  By=upA---Au (C.13)
That is due to the fact that the exterior product is bilinear and associative. Hence,

the exterior product Aj,| A B, reads

A ABg =ViA- AV AU A AU (C.14)

”
In order to interchange the vectors involved in the exterior products, we conclude
from Eq. (C.13) that

VIA- AV AU A Al = (1)PTug A Aup AV A AV (C.15)

p

which gives the (iv) property of the exterior product Aj,) A Bg) = (=1)P1B[5) A App).

q] =
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We emphasise that a p-vector that can be written as the exterior product of a p
number of vectors as in Eq. (C.13), is called a simple p-vector. Considering vector
spaces V such that dim V < 3, every p-vector is simple for higher dimensions not all
p-vectors are simple [7].

Regarding the space of the p-vectors, an important point about it is with respect
to its basis. Let V be a vector space with basis {ey,...,e,}, a basis for each one of
the spaces /\p(V) can be constructed from the basis of V. Let us first examine the
space /\,(V) and the exterior products e; A e;. Since the exterior product is anti-

commutative, the linearly independent set of bivectors is provided by

e;ANepy, egANe3, e Aey -, e Ney,

ey ANe3 ey ANey, -+, e, Aey (C16)

e, 1/\ey,.

Therefore, the dimension of A,(V) is the number of possible combinations of n =

dim V vectors taken 2 at a time. For the general case,

di I L D L .
lm /p\(v) (p) (n—p)'p! (C17)

An arbitrary element A, € /\p(V) can be written as

1
S E i
Appy = Py ATy Ney, N-oeAey,
Hip2Hp

_ Hip2p
= Z A re, Ney, A /\eﬂp
H1<pa<--<pp

(C.18)

Regarding V a vector space with dim V = n, one may ask now how many spaces
/\p(V) can be constructed from V taking into account the dimension of V. We begin

with a general result about the exterior product
Proposition C.4. If p > n =dim V, the exterior product of p vectors is null.

Proof. Let us consider the exterior product of n+ 1 vectors, vi A---Av, AV, . Since
dim V = n, the n + 1 given vectors are necessarily linearly dependent and we can
write one of those vectors as a linear combination of the others. There is no loss of
generality in assuming that v,,; = Y ', a'v;. On account of the anticommutativity
and the fact that v; A v; = 0 we have that:
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VIAVy A AV, AV, 1 =V /\vz/\---/\vn/\(alvl+a2v2+---+a”vn)
=(-1)"talvi AV AV A AV,
+(=1)"2a%V AV AV A AV, (C.19)
+otd"VIAVI A AV, AV,

=0

which completes the proof. [
More generally, we have thus proved that
Vi A=AV, =0 {vy,...,v,} is linearly dependent.

That discussion clarifies that it does not exists the vector space A,(V) if p > n.
Therefore the spaces that can be constructed are

/\(V),/\(V),/\(V),...,/\(V),/\(V). (C.20)

0 1 2 n—1 p

Such that
di :”:”—!:( " ):d' C.
1m0(v) (p) (n-p)lp! \n-p mﬁ,(v) (C.21)

Although the spaces A,(V) and A,_,(V) are isomorphic, there is not a natural
isomorphism between them. However, by considering additional structures on the
vector space V , it is possible to construct an isomorphism called Hodge isomor-
phism which can be found in detail in the reference [7].

C.4. Exterior Algebra
We regard the exterior product A as being defined on A (V) x /\q(V) — /\p+q(V).

Let us consider the vector space /\ (V) defined by the direct sum of the vector spaces
/\p(V); (p = 0,1,2,...,1’1) .

/\(V) - /\(V)@/\(V)@/\(V)@---@/\(V) - é/\(w. (C.22)
0 1 2 n

p=0 p

The space A (V) is thereby closed by the exterior product, that is, A(V)x A(V) —
AV).
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Definition C.5. The pair (/\(V), A) is named exterior algebra associated to the vector

space V.

The elements of the space A(V) are called multivectors. An arbitrary multivector
A e A(V)is written as
A= a + vie,' +FijeiAe]~

S~— —_——
| —
scalar  pector

2—vector
o (C.23)
+T7%e; NejAep+---+pej A---Ne, € /\(V).
— —_—
3—vector n—vector

According to our previous discussion, it follows that the dimension of A(V) is

given by

dim /\ (V)= idim AV)= Z(;) =", (C.24)
p=0 p

Example 3.6 > The exterior algebra A(RR?)

Let us consider the 3-dimensional euclidean V = R? with orthonormal basis {e}, e,, e3}.

These basis elements satisfies the following relation:

ei/\ei:O, (fOI' i:1,2,3).
(C.25)
ei/\e]-:—ejAel-, (fOI' li])
The exterior algebra is the space
3 P
/\(R3) - @/\(R3). (C.26)
p=0

Let us consider the subspace of the bivectors /\Z(R?’) with basis {e; Aey,e; Aes,ep A
e3}. In a geometric point of view, each element e; A e; represents an oriented plane

fragment generated by two vectors as represented in the following figure
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| 82/\83

€2

gl

e e ey

Figure C.1.: The geometry of the elements {e; Ae;, e; Aes, e; Aes}. Source: reference

[4].

The exterior product between two vectors a,b € A'(R?) is a bivector and can be

computed through the determinant of the following matrix:
ez/\e3 e3/\e1 el/\ez
aAb= a a, as
by b, bs (C.27)
= (azb3 —asby)e; Nes+(azhy —arbs)es Aey +(arby —azbr)e; Aey

= B23e2 Aes +B31e3 Aeq +B12€1 ANey = B. <«

C.5. Exterior Algebra as a Quotient of Tensor Algebra

Our next discussion is devoted to an explicit construction of the exterior algebra
as quotient of tensor algebra. Besides being an interesting mathematical construc-

tion itself, an analogous approach is used for the Clifford algebras.

Definition C.7. Let A be an algebra. A set I} C A is said to be a left ideal of A if
Yae AVxelp,ax € I;. Analogously, Ix C A is said to be a right ideal of AifVa €
AN x €I, xa € lg. The set T C A is said to be a two-sided ideal or simply an ideal if
Yabe AVxeZl,axbel

Let A be an algebra and write A as sum of spaces A =5+ C. Given a,b € A

following equivalence relation can be defined:
a~be—a=b+x, xeC. (C.28)

The set of the equivalence classes A/ ~ has a natural vector space structure with sum

and multiplication by scalar defined by

[a] +[b] = [a+ D],

(C.29)
Ala] = [Aa].
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To A/ ~ be an algebra, a natural way to define the product between equivalence

classes is
[a][b] = [ab] (C.30)
Since we know by definition that [a] = [a+ x],[b] = [b+v],x,y €C, it follows that
[a][b] =[a+x][b+y]=[(a+x)(b+7v)] =[ab+ay +xb+xyp]. (C.31)
The last two equations result in
[ab] =[ab+ay + xb + xp]. (C.32)

That means that in order to A/ ~ be an algebra ay + xb + xy must be an element of C
which only holds if C is a two-sided ideal. In that case, A/ ~ is named the quotient
algebra of A by C, denoted by A/C.

Let T(V) be the algebra of the contravariant tensors. Consider the ideal I of

T(V) generated by elements v@v,v € V. The elements of I consists of the sums

ZAi®Vi®Vi®Bil (C33)
i

where v; € V and A;, B; € T(V). We can notice that

vVu+u®v=(v+u)®(v+u)—-vev—-uu. (C.34)

That is, we can also consider that the ideal 7 is generated by the elements vQu+u®v

where v,u € V. One important point to note here lies in the fact that

vu+u®v e kerAlt (C.35)

and ker Alt = Z. Our next claim is that the exterior algebra is isomorphic to the

quotient algebra T(V)/Z. The respective equivalence relation is given by
A~Be— A=B+x, xel. (C.36)

Moreover, the product between them is denoted by
[A]A[B]=[A®B]. (C.37)

For v,u € V we have that
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1 1
v®u:§(v®u—u®v)+§(v®u+u®v) (C.38)

such that %(V®u +u®v) e Z. Therefore,
V] A[u] = [veu] = [%(v@u—i—u@v)] ~ [Alt(veu)] (C.39)

For the general case, the above result is extended as

Vi® @V, ~Alt(vi® - ®V,) =V A AV, (C.40)
which establishes the desired isomorphism
/\(V) ~ T(V)/T. (C.41)

C.6. Contraction

Let Ap) be a p-vector and «a a covector. The final task in this appendix is to
present an operation that action on Ap;) € A, (V) and gives an element of A,_;(V),
i.e., a (p — 1)-vector. Such operation is very important and it is used to define the
Clifford product on Clifford algebras.

Definition C.8. The left contraction of a p-vector A by a covector a, denoted by a |,
is defined as

1
: \% V) — V
12 A\(V)x 4( ) A( ) )

(@A) +— (alApP(ay,...,ap1) = pAp(a,ay,...,ap ).

such that (ay,...,a,_1) stands for arbitrary covectors.

On the right-hand side of the above expression, for Aj,; =v; A--- A v, it means that

pl =
(ViA-- AV ), ay,...,ap 1) = L Z e(0)a(vg))ar(Vo2))  @p-1(Vo(p))- (C.43)

|
p: o€Sp

It follows immediately that for p = 1

alv=a(v). (C.44)

For an element of Ay(V) it is assumed that a]1 = 0. Our next concern will be the

contraction of a 2-vector v A u. It reads:
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(a](vAu)(B)=2(vAu)(a,p)
a(v)p(u) —a(u)p(v)
)

(C.45)
= (a(viju—a(u)v)(p)
= ((aJv)u—(a]u)v)(p).
Since p is arbitrary, we conclude that
alvAu)=((alv)u—(a]u)v)=(a(v)u—a(u)v). (C.46)

We proceed to develop the contraction for a 3-vector v A u A w using the above

results. It follows that:

(@](vAuAW)(B,y)=3(vAuAw)(a,p,y)

%[a(V)ﬁ(u)V(W)) +B(v)y(wa(w)) +y(v)a(u)p(w))

y)Ba(w)) - Bv)a(u)y(w)) - a(v)yw)Bw))]
L [Bu)y (w) - B(w)y(w)]

x
SB@)Y W)~ Bw)y ()]

+ aw) 5 [BV)y () - Bl (v)]
= a()(uAW)(B,y) - @)y AW)(E,)
+alw)v Au)(p, 7).

=3

=a(v)
(C.47)
—a(u)

Since f and y are arbitrary, we conclude the following expression

alvAuAw)=(alv)(uAw)—(a]u)(vAw)+(a]w)(vAu) (C.48)
=a(v)(uAw)—a(u)(vAw)+a(w)(vAu). .

Now using Eq. (C.46) for the 2-vector case and the last one for the 3-vector case,

together with the associativity of the exterior product, we have that

al(vAu)Aw)=(a](vAu) AwW+vAu(alw), (C.49)

alvA(uAw))=(alv)uAw-=vA(a](uAw)). (C.50)

Both equations (C.49) and (C.50) considers the contraction of the exterior product
between a 1-vector and a 2-vector. One important point to note here is the fact that
the presence of either a positive or a negative sign according to respectively to the

presence of a 2-vector in Eq. (C.49) and a 1-vector in Eq. (C.50). For the general case,
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since the grade involution takes into account the different signs, for A,B e A(V) it
follows that:

a|(AAB)=(a]A)AB+AA (a]B). (C.51)

The right contraction is defined analogously as the left contraction. For an arbi-

trary multivector A, the left and the right contraction are related by [7]

alA =-Ala. (C.52)
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